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Abstract. We prove an Atiyah-Patodi-Singer index theorem for Dirac oper- 
ators twisted by C*-vector bundles. We use it to derive a general product for- 
mula for reforms and to define and study new p-invariants generalizing Lott's 
higher p-form. The higher Atiyah-Patodi-Singer index theorem of Leichtnam- 
Piazza can be recovered by applying the theorem to Dirac operators twisted 
by the Mishenko-Fomcnko bundle associated to the reduced C*-algebra of the 
fundamental group. 



Introduction 

In noncommutative geometry a compact space X is generalized by a unital C*- 
algebra A. By applying a noncommutative concept to the commutative C* -algebra 
A = C(X) one recovers its classical counterpart. An A- vector bundle on a Rie- 
mannian manifold M is a locally trivial bundle of projective .A-modules. Its classical 
counterpart is a (complex) vector bundle on M x X. Thus the index theory of a 
Dirac operator on M twisted by an ^4-vector bundle is a variant of family index 
theory, where the base space, encoded by *4, is noncommutative. If A = C(X), one 
obtains a Dirac operator on M twisted by a vector bundle on M x X, which we 
can consider as a vertical operator on the fiber bundle M x X — » X . In the realm 
of family index theory this situation is particularly simple since the fiber bundle is 
trivial and the metric on M does not depend on the parameter. 

Using this correspondence the superconnection formalism has been applied Dirac 
operators over C* -algebras in [Lo2][Lo3] , For the construction of a Bismut super- 
connection one needs that X is a smooth manifold. In the noncommutative case 
this is encoded in the choice of a projective system of Banach algebras (*4i)igiN 
with Ao = A, and with injective structure maps whose images are closed under 
holomorphic functional calculus. By using the de Rham homology for algebras and 
the Chern character as defined in [K] from the i<-theory of A to the de Rham 
homology of the projective limit Aoo (which is assumed to be dense in A) one can 
formulate for closed M an index theorem for Dirac operators twisted by „4-vector 
bundles in analogy to the Atiyah-Singer family index theorem. One gets numbers 
from the index theorem by pairing the de Rham homology classes with reduced 
cyclic cocycles. 

By results of Lott |Lo3| the theorem can be proven by adapting the superconnection 
proof of Bismut, as given in [BGVj : While the construction of the heat semigroup 
is completely analogous to the construction in fBGV , the main difficulty lies in 
the study of the large time limit of the heat semigroup. In the classical case the 
exponential decay of the heat semigroup on the complement of the kernel of the 
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Dirac operator can be proven using the positivity of the Dirac operator on Hilbcrt 
space of L 2 -sections. Here however we deal with Banach spaces, namely subspaces 
of the ^-module L 2 (M,Ai) n . The crucial ingredient is a result in |Lo31 §6], which 
relates the spectrum of an operator with integral kernel in C°°(M x M,Ai) on 
L 2 (M, At) to the spectrum of the corresponding operator on the Hilbert ^4-module 
L 2 (M, A). Then one uses that the spectrum of a holomorphic semigroup gives 
information on its large time behaviour. 

Using Lott's methods one can also define noncommutative rj- forms and formulate 
an Atiyah-Patodi-Singer index theorem for Dirac operators over C* -algebras. The 
proof of this theorem is the main result of the present paper. (See Theorem [93] in 
the even case and Theorem 1 1 1 . 1 1 for the odd case. For the expressions used in its 
statement, we refer the reader to §Q3 where noncommutative de Rham homology 
is explained as needed here, and §SJ where the geometric situation is introduced.) 
The proof is a generalization of the proof given in a rather special situation in |Wlj 
and uses some of the concepts and results developed there. 

One of the main motivations to study the index theory of Dirac operator twisted by 
C* -vector bundles comes from higher index theory, pioneered by Connes-Moscovici 
with their higher index theorem and relevant in connection with the Novikov con- 
jecture |CM| . Here the A — C*T is the reduced group C*-algebra of the funda- 
mental group r of M and the C*T- vector bundle is the Mishenko-Fomenko bundle 
M Xr C*T. An appropriate system of Banach algebras can be gained from the 
work of Connes-Moscovici jCM| . Eta- forms and the superconnection formalism in 
higher index theory were introduced by Lott [Lolj |Lo2j . Leichtnam-Piazza proved a 
higher Atiyah-Patodi-Singer index theorem |LP1]|LP2]|LP3, §4]. Many results from 
family and higher index theory carry directly over to our setting. So does part of 
the proof of the higher Atiyah-Patodi-Singer index theorem [LP3( §4]. However the 
consideration of the large time limit there is based on the higher 6-pseudodifferential 
calculus |LP1| §12], which exploits the special situation given in higher index theory. 

In the remainder of this introduction we discuss in more detail our results and 
applications. The boundary conditions we consider are a generalization of those 
introduced by Melrose-Piazza [MPlj [MP2] for families and in higher index theory 
by Leichtnam-Piazza, see [LP 5] . They incorporate the product situations discussed 
in |W3j . The main application is an easy proof of a product formula for rj- forms 
(see §021), which generalizes and unifies several formulas proven before |LP4l §2] 
|PS[ Theorem 6.1] [MP 2, Lemma 6] (the latter when translated from family index 
theory to the present setting) . It is used in the proof of the index theorem in the 
odd case. The approach should also work in family index theory. In our proof of 
the index theorem we follow a strategy of Bunkc BKj |Bu] ■ which is inspired by 
but more pedestrian than the proof based on Melrose's 6-calculus [MPlj . It is also 
related to Miiller's approach [Mu2] . but differs in the treatment of the large time 
limit. In particular we study an index problem for a manifold M with cylindric 
ends. It is well-known that any Atiyah-Patodi-Singer boundary value problem can 
be translated into such a problem (see |W3[ Prop. 2.1] for the result as needed here 
and references therein for the corresponding earlier results in higher and family 
index theory). As in the closed case the main difficulty lies in the study of the 
behaviour of the heat semigroup for large times. One important step is an extension 
of Lott's method mentioned above, see §13.11 and §13.21 
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On the way we obtain a large time estimate (see §9.1j) that seems to be new also 
in higher index theory (see [BK] for the family case). It allows to define noncom- 
mutative ?7-forms for invertible Dirac operators on manifolds with cylindric ends in 
analogy to Muller's construction in [Miilj and in the family case Bunke's definition 
in [Buj . These are interesting in connection with the cut-and-paste problem of 
77-forms. 

As a special case of our main result one obtains an Atiyah-Patodi-Singer index 
theorem for Dirac operators twisted by the Mishenko-Fomenko bundle M Xp C*T 
associated to the maximal group C* -algebra C*T. This is relevant in connection 
with p-invariants, see [PS] , where the zero degree part of the theorem was proven. 
In £1121 wc define new p-invariants, motivated by Lott's higher p-form |Lolj . and 
study their properties. 

Our theorem can also be applied to flat foliated bundles: Let T act by diffeomor- 
phisms on a closed manifold T and consider the reduced crossed product C(T) x r I\ 
An appropriate projective system of subalgebras has been defined in |W2i §4.1]. An 
invariant vector bundle oiMxT descends to a C(T) x r T- vector bundle on M. 
Thus we get an index theorem for a Dirac operator on M twisted by such a bundle. 
In contrast to the Mishenko-Fomenko bundle this C* -vector bundle is in general 
not flat. The resulting theorem should be compared with the Atiyah-Patodi-Singer 
index theorem for etale groupoids by Leichtnam-Piazza [LP6J, which applies to 
more general foliated bundles under some additional assumptions, in particular 
that r is virtually nilpotent and the boundary operator invertible. It would be 
interesting to find a strategy for the Atiyah-Patodi-Singer index theory for foliated 
bundles which at the same time overcomes the restrictions of the present method 
(the special geometric situation) and those of |LP6j (in particular the condition on 
the group). 

Conventions. All tensor products are graded and completed. When dealing with 
Hilbert C*- modules they are tensor products of Hilbert C*-modules, else they are 
projective tensor products (sometimes for clarity denoted by (g)^ . All commutators 
are graded. We use the following convention concerning L 2 -spaces of Banach algebra 
valued functions: We use the Hilbert C* -module completion if the Banach algebra 
is a C*-algebra. The completion is given by the norm ||/|| = | J f(x)*f(x) dx] 1 / 2 . 
(Here and in general in this paper | | also denotes a norm.) In all other cases the 
completion is with respect to the norm ||/|| = (J\f(x)\ 2 dx) 1 ^ 2 . An analogous 
convention holds for L 2 -spaces of sections of bundles whose fibres are projective 
modules over a Banach resp. C*-algebra. 

In general, notation and conventions are as in |Wlj . We refer to |W1[ Ch. 5] for 
the notions of Hilbert-Schmidt and trace class operators and results guaranteeing 
that for our purposes they behave as in the classical case. 
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1. Differential algebras, connections and Chern character 

1.1. Differential algebras and de Rham homology. Let B be a involutive uni- 
tal locally m-convex Frechet algebra [MaJ which is in addition a local Banach alge- 
bra [Bj. The Z-graded universal differential algebra is defined as 0*23 = Jl^Lo 
with (l^B := B ® (B/<D) h , k € 1N with differential d of degree one given by 
d(&o <8> b\ . . . ® bk) = 1 8> bo ® . . . bk and linear extension. The product is determined 
by bo ® . . . 6fe = feo d &i d . . . bk, the graded Leipniz rule and (D-linearity. Differential 
and product are continuous. 

The involution on B = QqB extends uniquely to an involution on £l„B fulfilling 

(a/3)* = [3*a*. 

Let I C be a closed homogeneous involutive ideal, closed under d. Then 

Ci^B := Cl*B/I inherits the structure of an involutive differential algebra. 

The de Rham homology H^(B) is the topological homology of the complex 

(OjB/[fiJB,QJS],d), "topological" meaning that the closure of the range of d 
is divided out such that H^(B) is a Hausdorff space. 

Let V be a finitely generated projective S-modulc. 

Let V* be the left K-module of all right S-module maps s : V — > B. If V C B k we 
define for s € V 

k 
i=l 

where {ei, . . . , e^} is an orthonormal basis of C fe , furthermore {e 1; . . . , e£.} is its 
dual basis and s = y\ —1 Sje,-. 

We also define the right QjB-module Qjy := V ® B ^B and the left ftftf-module 
Sljy* = (i^B®bV*. The algebra OjF0 AXB njF* equals the algebra of fijB-linear 

homomorphisms on f^y. It is endowed with a supertrace 

tr : fiJV gflja ftjF* -> , 
which can be understood, for example, as induced by the supertrace 

tr : M k ({l x ,B) -> f2j,B/[njB, QJg] 
defined by adding up the elements on the diagonal. 

1.2. Connections and Chern character. In the following we study the product 
of a manifold with the "noncommutative space" B. This can be considered as a 
special case of the previous situation applied to the algebra C°° (M, B) . However 
will use a different notation, since we want to keep the standard geometric notation 
as far as possible. 

Let M be a manifold and A*T*M the bundle of differential forms. The de Rham 
differential d and differential d make C°°(M,A*T*M ® tl^B) a double complex. 
As usual, the differential &tot of the total complex acts on a form af3 with a G 
C°°(M,A m T*M) and € fi£B as 

d tot (a/3) = (d + d)aj8 = (da)0 + (-l) m a(d/3) . 
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The topological homology of the total complex Hg j(M) is naturally isomorphic to 

HP{M,H x q {B)) . 

p+q=* 

Furthermore for M closed 

H p {M, Hq(B)) S H p (M ) ® H T q (B) . 

Let P € C°°(M,M k (B)) be a (selfadjoint) projection and let T := P(M x B). 
We call T a 23-vector bundle, since its fibers are right projective finitely generated 
2?-modules. The bundle T is endowed with a fibrewise £>-valued non-degenerated 
product (see |Wf[ Def. 5.27] for the terminology) 

k 

(s,t) =J2 s * u ■ 

i=l 

Therefore we call T a S-hermitian bundle. 

We have the bundles Vl^T = T ® B &<nB = P(M x (f2< AI £) p ) and VLk^T* = 
CIk^B^b 3~* ■ The fibers are right resp. left f2< M S- modules. We identify the bundle 
of Banach algebras Cl^T (g)^ < B ^<^* with {s e M x M p (Cl<^Ai) \ PsP = s}. 

A connection on T in direction of M is a 23-linear map on C°° (M, A*T*M (g> T) 
such that for s £ C°°(M,T) and / £ C°°(M,B) 

V^(sa) = V :F {s)f + sdf . 

It extends to a map on C°°(M, A*T* M^Cl^F) such that for s £ C°°(M, A m T*M® 
Cl^r) and a € C°° (M : A*T*M ® Cl^B) 

V^(sa) = V^(s)a + (-l) m sda . 

A connection on T in direction of S is a C°° (M)-linear map d^ : C°° (M, T) — > 
C°°(M, J 7 ) such for s € C°°(M, J 7 ) and / e C°°{M, B) 

dr(sf) = dr(s)f + sd(f) . 

It extends to a map on C°°(M, A*T*M® such that for s £ C°°(M, AT*M ® 

Sl^.7 7 ) and a G C°°(M, A*T*M <g> QjB) 

d^(sa) =d^(s)a+(-l) m sda . 
We call + d^- a total connection on T . 

A useful example is the total Grassmannian connection PdP + PdP. 
As in the classical case one has: 

Lemma 1.1. (1) Let V^V^ be connections on T in direction of M . Then 
- £ C°°(M, A 1 T*M ® T ®b F*)- 

(2) Let d^-,d^r be connections on T in direction of B. Then djr — dyr £ 
C°°(M, nJ-FSflzfl 

(3) T/ie curvature (V^ + d^) 2 is an element of C°°(M, A*T*M ® fl*^ 7 

of total degree 2. 
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Proof. It is enough to show that the differences and the curvature are 
C°°(M,A*T*M ® fiJS)-linear. For the differences this is straightforward, for the 
curvature it follows from a little calculation, see £)4.3l for a similar calculation. □ 

The Chern character form is defined as 

ch^(V^ + d^) := tr e~( v "+ d -) 2 = £ i=±L tr(V^ + d^) 2 " . 

n=0 

Mostly, we will write ch(.F), thus suppressing the choice of the connection from the 
notation. 

Let V^, dp, V"^, dV be as is the statement of the previous lemma and define the 
linear interpolations 

V^'* := (l-i)V^+tV^ , 

d^ := (1 - t) djr +tdjr . 

The proof of the classical transgression formula, as given for example in [BGVl 
§1.5], works here also, yielding 

ch^(V^ + d^)-ch^(V^ + d^)=d tot / 1 tr((V^-V^ + d^-d^) e -( v "' t+d -> 2 ) . 

Jo 

The Chern character form is closed with respect to d tot : This follows from the 
equality 

d t otch{PdP + PdP) =tr[PdP + PdP,e- {pdp+pdp)2 } = 
in combination with the transgression formula. 

If M is closed, its class in Hg X (M) does only depend on the class of T in 
Kq(C(M,B)) and is called the Chern character of T . 

The connection djF resp. is called compatible with the S-hermitian structure 
if for si,s 2 € C°°{M,T) 

d(si, s 2 ) = (djr si, s 2 ) + (si,djr S2 ) 

resp. 

d(s u s 2 ) = (V^si, s 2 ) + (si, V^s 2 ) . 

In the following, if M is a Riemannian manifold we introduce for s E C°°(M, T) 
the operator 

s* :C°°(M,T)^B, /-> [ (s(x),f(x))dx . 

1.3. Projective systems. In general, we will work with projective systems of 
algebras: 

We assume that (Ai, ti+i,, : Ai+i — > Ai)i^m be a projective system of involutive 
Banach algebras with unit satisfying the following conditions: 

• The algebra A :— Ao is a C* -algebra. 

• For any i € INo the map ti+i j2 : : Ai+i — > Ai is injective. 

• For any j 6 IN the map Lj : Aao := lim^li — * Aj has dense range. 
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• For any i 6 INo the algebra Ai is stable with respect to the holomorphic 
functional calculus in A. 

The motivating example is Aj — C J (B) for a closed manifold B. Another important 
example stems from the Connes-Moscovici algebra in higher index theory. 

Furthermore we assume that for each i S IN there is given a closed homogenous 
involutive ideal Xi C Ai, closed under d, such that i(2" i+1 ) is a dense subset of 
Zj. We denote its limit by T x . 

Then Lemmata |WD 1.3.6-1.3.8] imply that 

lim QfAi = Cl^Aoo , 

i 

^m^Ai/p^Ai, QfAi] 

i 

)im H^(Ai) 

i 

For simplification, we will in general omit the dependence on the ideal from the 
notation. 

2. DlRAC OPERATORS OVER C* -ALGEBRAS 

Let M be an oriented Riemannian manifold of even dimension with a cylindric end 
Z + isometric to (— l,oo) x TV for some closed Riemannian manifold TV such that 
M c := M \ Z + is a compact manifold with boundary TV. We orient TV such that 
the isometry Z + = (— l.oo) x TV is orientation preserving. The coordinate defined 
by the projection p : Z + — » (— l,oo) is denoted by x\. Furthermore we write 
Z = H x TV. We identify TV with {0} x TV. We denote the Levi-Civita connection 
of M by V A/ . 

Let E be a 2/2-graded Clifford module on M and assume that there is a vector 
bundle E N on TV such that E\ z + = p*E N ® (C + ffiC"). Assume that the hermitian 
structure of E is of product type on Z + that the Clifford module structure on 
Z + extends to a translation invariant Clifford module structure on the bundle 

p*E N <g> (C + 8C") over Z. 

We further twist E with a C*-vector bundle: 

Let P G C oo (M,M p (A 0o )) be a selfadjoint projection such that P\z+ does not 
depend on x\ and let Ti = P(M x A?), i £ WU{0, oo}. We get a projective system 
of 2/2-graded Clifford modules 

£i:=E®Ti . 

The bundles Ti inherite a ^-hermitian structure from the standard Ai-vahied 
scalar product on A? (see JT]). 

In general we abbreviate T = Tq. 

Note that, by tensoring with the identity, PAP defines a connection on £oo in di- 
rection of Aoo ■ Let P d P + 7 be a connection on £oo in direction of Aoo compatible 
with the ^oo-hermitian structure. Thus 7 = —7*. We assume that 7 supercom- 
mutes with Clifford multiplication and that j\z+ is independent of X\. Clearly 
P d P + 7 defines also a connection on £ j in direction of Ai . 



— ^4oo/[^* Ai 7 Q* Ai\ , 
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Let V be a Clifford connection on £ (i.e. a connection in direction of M compatible 
with the A- valued scalar product and fulfilling c(V M w) = [V , c(v)]) that is of 
product type on Z + and let $g — : co V be the associated Dirac operator. 

Let V B be a Clifford connection on E. The Dirac operator co V E on (M, E®A P ) 
is denoted by (/>e- Then (j>£ — P$eP is a bundle endomorphism. 

We identify E N with E+\ N and write T N := T\ N and £ N := £+\ N . Hence £ N = 
E N ® T N . The induced Clifford algebra structure on £ N is given by cn(v) := 
c(dxi)c(v) for v E TN C TM. We denote the Dirac operator associated to £ N by 
(jl j\j . By identifying £ + with £~ via ic(dxi) we get an isomorphism 

£U+ = (<d + e cr) ® ip*e N ) . 

Let r denote the grading operator on £ . On the cylindric end 

fe = c(dx l )(d 1 -r9 N ) . 

For an operator B acting on the sections of £ N we write B for the induced operator 
TB acting on the sections of £\z+- Note that c(dx\)B + Bc(dxi) = 0. 

The proofs of the following facts are as in the complex case. We use the notation 
of [BGVi Prop. 3.43]. By A we denote the scalar Laplacian. 

The curvature of V decomposes as a sum 

(V £ ) 2 = R £ +F £/S 

where F £ / s is the relative curvature of the bundle £ and R £ is Riemannian cur- 
vature, which acts on £ . The operator ^| is a generalized Laplacian. Define for 

seC°°(M,£) 

A £ s = -Tr(V T * M ^V £ s) . 

We have the following analogue of Lichnerowitz formula: 

f s = A £ + c{F £ 'S) + r -f 

where rj; is the scalar curvature of M and for X £ Q, 2 (M, End(f )) 

c(X) :=^X{e i ,e :j )c{e i )c{e j ) e C°°(M, End(f)) . 
i<j 

A similar formula yields a map c : fi n (M,End(f)) -> C°°(M, End(f )). 

3. Fredholm properties 

Recall that a closed densely defined operator D on a Hilbert ,4-module H is called 
regular if (1 + D* D) is surjective. Furthermore we call a regular operator D Fred- 
holm if it is Fredholm as a bounded operator from H(D) to H, where H(D) is the 
Hilbert A- module that coincides with domf as a right A- module and is endowed 
with the *4-valued scalar product 

(f,g)H(D) ■= (Df,Dg) + (f,g) . 

Here ( , ) denotes the ^l-valued scalar product on H . 

In the following we denote by B(H) the algebra of bounded adjointable operators 
and by K{H) the ideal of compact operators. 
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Proposition 3.1. The closure T>e of the operator (j) £ with domain C%°(M,£) is 
regular on L 2 (M 7 £). 

Proof. The closure of $e is clearly regular on L 2 (M, E®A P ), hence so is the closure 
T>£ of $ £ since the operator @ £ + (1 - P)$e(1 - P) on L 2 (M, E <g> A p ) is a bounded 
perturbation of $e- D 

By a similar argument the closure T>m of <^at with domain C°°(N,£ N ) is regular. 
The following definition goes back to [MPlj . 

Definition 3.2. A selfadjoint bounded operator A on L 2 (N, £ N ) such that T>m + A 
is invertible, is called a trivializing operator for T>n ■ 

The following definition anticipates the existence of the heat semigroup e~ tv £ , 
which is proven in £)4.1I 

Note that taking the adjoint need not be continuous on the space of bounded 
operators on L 2 (N, fi< M £/^). 

Definition 3.3. A selfadjoint operator 21 on L 2 (N,£ N ) is called adapted to T>n if 
the following holds on L 2 (N, f2< /J £ I Ar ) and on C k (N, f2< /J f l Ar ) for any fi, i, k: 

(1) The operator 21 is densely defined (by restriction and Vl^^Ai-linear ex- 
tension) and bounded and there is C > such that for all t < 1 and 
B = VIV £ + Vs% 

j|Be-^«|| < Cr 1 ' 2 , \\e- tv -B\\ < Cr 1 ' 2 . 

(2) The operator [PdP, 21] is Cl^^Ai-linear. 

For example, a selfadjoint integral operator with integral kernel in C°°(N x 
iV,£oo M Aao £^) is adapted to V N . 

The existence of trivializing operators for Dirac operators associated to C* -vector 
bundles was claimed in |LP5j . see the Remark at the beginning of (LP 5, §2.4]. 
However, the Technical Lemma in |LP51 §2.2] seems to require that the fibers of 
the .A-hermitian „4-vector bundle arc full Hilbert yl-modules. This is no major 
restriction since one may modify the problem by a stabilization construction, such 
that the condition is fulfilled. 

Let x G C°°(]R) with supp(x) C [1, oo) and xl[2,oo) = L We consider x as a 
function on Z + , which we extend by zero to M. Let A be a trivializing operator 
for 2?tv- 

Proposition 3.4. The closure T>£ (A) of the operator (j>£ — \c(dxi)A is a Fredholm 
operator from H(V £ (A)) to L 2 (M,£). 

Proof. First note that any integral operator with integral kernel in the Schwartz 
space S{M x M,£ M A £*) is in K(L 2 {M,£)) and in K(H(D £ {A))). By standard 
cutting-and-pasting methods an operator Q S B(L 2 (M,£)) that is also continu- 
ous from L 2 (M,£) to HiV £ {A)) can be constructed such that V £ (A)Q — 1 and 
QT> £ (A) — 1 are integral operators with integral kernel in S(M x M, £ M A £ *). (The 



THE ATIYAH-PATODI-SINGER INDEX THEOREM OVER C*-ALGEBRAS 



11 



operator Q(0) dcfiricd in §7.11 works.) The operator Q is automatically adjointable 
from L 2 (M,£) to H{V £ (A)) by 

Q = (V £ (A)+i)- 1 (V £ (A)+i)Q 

= (V £ (A) + i)- 1 (V £ (A)Q - 1) + (V £ (A) + + %Q) . 

a 

By a homotopy argument the index does not depend on \- Furthermore it is 
invariant under small perturbations of A. 

As usual, we write 

V £ {A)- 



v ^ = \v £ (Ar o 

with respect to the decomposition L 2 (M,£) = L 2 (M,£+) L 2 (M,£~). 

In the following we define a perturbation of T> £ (A) with closed range by adapting 
a construction of Atiyah and Singer, see |BGV( Ch. 9.5]. Recall that the index 
of a Fredholm operator with closed range equals the difference of the classes of its 
kernel and cokernel. 

Proposition 3.5. There is a finite subset {/i, . . . , fj^} of C£°(M, £~ ) generating 
a projective A-module Q such that Q + R&n'D £ {A) + = L 2 (M,£~). 

Proof. Since V £ {A) + is a Fredholm operator, there is a projective module Q C 
L 2 (M : £~) such that Q+RanV £ (A) + = L 2 (M,£~). Let P : L 2 (M, £~) ->Qbethe 
(orthogonal) projection onto Q. Let {ej}j£iN C C^°(M, E® C p ) be an orthonormal 
basis of L 2 (M,E ® A p ) and for j £ IN let Pj be the orthogonal projection onto 
the span of the first j basis vectors. We extend P by zero to a projection on 
L 2 {M, E®A P ). There is TV G IN such that P\ Pn iq) ■ Pat{Q) —> Q is an isomorphism 
and such that Pm{Q) + RanV £ (A)+ = L 2 (M,£-) (see [WD Prop. 5.1.21]). Since 
P = PP, it follows that P : PPj^{Q) — > Q is an isomorphism. Thus the set 
{fi := Pa | i = 1, . . . ,7V} fulfills the conditions. □ 

Now the perturbation of T> £ (A) + is defined as follows: Let M' be the disjoint union 
of M and a point. We define the „4-vector bundles {£') + = £ + U with TV as 
in the proposition and (£')" — £~ U {0}. Furthermore we define E' on M' by 
E'\ M = E and £'(*) = (C + )^, and P' by P'\ M = P and such that P'(*) is a 
projection of rank one in M P (C). Then £' = E' ® P'(M' x _4 P ). We extend the 
noncommutative one- form 7 by zero to M' . 

Let {ej}^!,...^ be the standard orthonormal basis of <D^ . We set 



•« + := J^fei : i2 ( M '^' + ) - L 2 (M , ,£ / -) 
=1 



and 



A'" 



iT := (*+)* = : L\W ,£'~) -> L 2 (M',£'+) 



i=l 





Then ^ := [ ^ + j is a selfadjoint and compact operator on L 2 (M' ,£'). 
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For any p ^ the operator (T>s(A) + p&) + is surjective and 
mdV £ {A) + = ind{V £ {A) + p&)+ - [A*] 
= [Kex(V £ (A)+pR)]-[A M ] . 

For later purposes we note that we may enlarge AT without changing the operator 
by setting fi = for i large. 

In the following we drop the indices and write £ and M respectively for £' and M' 
etc. 

4. Heat semigroup and superconnection for a closed manifold 

In preparation for the general case we restrict our attention to the case where M is 
closed. In this section M may be odd-dimensional, then the bundle E is assumed 
ungraded. Let 21 be a symmetric operator on L 2 (M,£) that is adapted to T> £ (see 
Def. 13 . 3[) . Then r2l is also adapted for r e [—1,1]- We study the properties of 
$ £ + r2l on L 2 (M, Q< M £i) and on C k (M, Cl^Si). 

In general we demand that operators on L 2 (M, f2< M £i) resp. C k (M, Vl^^i) have 
C°°(M, fl< M £i) as a core of their domain. The operators considered here are closable 
on L 2 (M, r2< M £i) by |W1[ Lemma 5.1.10] since they have a densely defined adjoint. 
We define (T>s + r2l) m with r e las the closure of the operator + r2l) m on 
L 2 (M, Vi<^£i) : thus we first take powers, then closures. 

We also consider the family T>£ + r2l as an operators on C{[— 1, 1], L 2 (M, fi< p £;)) 
resp. C([-l,l],C fc (M,^<^))- 

4.1. Heat semigroup and resolvents. 

Proposition 4.1. (1) The family — (2?£+r2l) 2 generates a holomorphic semi- 
group on C{[-1, 1], L 2 (M, fi<^)) and on C([-l, 1], C k (M, Q<^))- 

(2) For t > the operator e -~ t ( T) e+r'^) j s an i n t e g ra i operator with integral 
kernel k(r) t g C°°(M x M, £oo 5^) depending smoothly on (t,r). 

(3) Le£ m > dim f +k . There is C > swc/i t/wzi /or |r|, t < 1 

||fc(r) t || <Ct~ m , \\±k(r) t \\<Cr m 
ar 

in C k (M x M, Si KU 4 £*). 

(4) Let B be a first order differential operator resp. B — T>£% + 212?£. There 
is C > smc/i ttai /or |r|,i < 1 

U^-t^+rSl) 2 !! < || A Be -^ £ +ra) 2 || < C 

ar 

|i e -*(i>«+H») a B || < c- t -| || A e -*(^+-a) 2 B || < c 

on L 2 (M, Cl<:^£i). Furthermore for B — T>£^i + 212?£ i/iese estimates hold 
also on C fe (M,0<^). 
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(5) Let <j), ip € C°°(M) with disjoint support. Assume that there is a sequence 
(Cn)neiN C C°°(M) with £1 = cj), supp(l - £ n+ i) n supp£„ = 0, supp£„ n 
supp ip = and such that [£„ , 21] is an integral operator with integral kernel 
m C°°(M x M,£i M Ai £*). Then for \r\,t < 1 

\\4>(x)k(r) t (x, yWy)\\ < Ct , \\4>(x)^k{r) t {x, y)^(y)\\ < Ct 
in C k (M x M,£i^ Ai £*). 

Proof. For t > the integral kernel fc t (x, y) associated of e~ tv £ can be constructed 
as in [BGV, Ch. 2]. Then one shows as in |W1[ §3] that the operator —(p £ gen- 
erates a strongly continuous semigroup on C k (M, Cl<^£i) and a holomorphic semi- 
group on L 2 (M, VL<^£i). Assume that B is a first order differential operator. Then 
on L 2 (M,Vt<^£i) one get as in fWtl §3] the estimates \\Be- tv ^\\ < Ct" 1 / 2 and 
||e- tx, ls|| < Ct- 1 / 2 for small t. 

It follows from the asymptotics of the heat kernel by using that (T> 2 : ) x k t (x,y) = 
f t k t (x,y) that on C k (M,Cl<A) 

WVle-^H < Ct~ l 

for small t > 0. Thus, by Prop. 113.61 the semigroup extends to a holomorphic 
semigroup on C k (M,Cl< fl £i). For r = the first estimate of (3) is [BGV| Lemma 
2.39]. 

(1) follows now from Prop. 113.101 

We use Volterra development in order to prove (2) and (3). We set R := (T>£ + 
r%) 2 -V\. Since r2l is adapted to V £ there is C > such that \\Re- tv £\\ < Ct' 1 / 2 
and He-^-RH < Ct' 1 / 2 for t < 1, |r| < 1. 

The series 

oo 

e -t{V%+R) = J2(-l) n t n S n (t) 
n=Q 

with 

S n (t) = [ e - UoW * Re- Ultv e . . . Re- u - tv c du . . . du n 

J A" 

converges for all t > uniformly in r G [—1,1]. 

By jBGVl Lemma 2.39] the integral kernel of e' tv ^ is bounded in C k {M x M, £M Ai 
£*) by Ct~ m for m > dim f +k and t, \r\ < 1. By a standard argument (see [BGvl 
Theorem 9.48]), which uses that for (uo, ■ ■ ■ , u n ) € A n there is Ui > i, the operator 
S n (t) is an integral operator and there is C > 0, independent of n, such that for 
t, \r\ < 1 its integral kernel is bounded by C n (£) _m t~ n/2 in C k (Mx M, £i El Ai £* ) . 
Similar estimates hold for the derivatives with respect to r and t. It follows that 
the series of integral kernels converges in C k (M x M, £i M Ai £* ) for t < 1 and that 
the limit depends smoothly on r, t. Estimate (3) also follows. For t > 1 the integral 
kernel is constructed using the semigroup law. 

(4) The estimates also follow from the Volterra development: One interchanges 
the operator B with the summation and integration and uses that \\Be~ UQt ' D £ || < 
C(u tr 1/2 and \\e- Uotv e B\\ < C(u i)" 1/2 for t small. 
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(5) The integral kernel of £, m S (t)ip is bounded by Ct in C k (M x M, Si £*) for 
all m e IN by [BGV, Theorem 2.30]. We show by induction that the integral kernel 
of 4>S n (t)il) converges in C k (M x M,£, t £*) for t — > uniformly in r e [—1,1]. 
By the estimate of the integral kernel of S n (t) from above we need to prove this 
only for finitely many n. Then the assertion follows. 

It holds that 

£ m S n (t)lp = / (1 - U )"~ 1 £mS'o(woO^£m+2S'n-l((l - U )t)l/j du 
JO 

+ f (1 - U^CmSoMRil - £ m+2 )S„-l((l - Uo)t)V ^0 ■ 

Jo 

The integral kernel of the first term on the right hand side has a limit for t — > 0, 
since the integral kernel of ^ m +iS' Il _i((l — UQ)£)tj) has one by induction. 

We denote by ~ equality up to integral operators with smooth integral kernels that 
have a limit for t — ► 0. 

We have that 

[R, U+2\ = r[&V e + Vs% + r% 2 , £ m+2 ] 

= r([2l, f m+2 p £ + 21(1 - U+1WU+2) + c(rfe™+ 2 )2t + V £ [21, e m+2 ] + r2t 2 ) 
- r(l - £ m+ i)(2lc(d£ m+2 ) + c(^ m+2 )2t) . 

Thus 

£ m S {u t)R(l - Cm+2) 

~ r£ m 5 (wo*)(l - £m+i)((l - Cm+2)-R + 2lc(d£ m+2 ) + c(d£ m+2 )2l) 
- . 

Thus also the smooth integral kernel of the second term has a limit for t — ► 0. 
The proof for the derivative with respect to r is analogous. □ 

We collect some further estimates, in particular concerning the large time behaviour 
of the heat semigroup. 

Since e r t (V£+ r< &) { s an integral operator with smooth integral kernel, its spectral 
radius on L 2 (M, fi< M £j) smaller or equal to 1, see Prop. 113.11 Thus the spectral 
radius of e -t(Pe+ri) 3 on C([-l, 1], L 2 (M, Cl^Si)) is smaller or equal to 1. From 
Prop. 113.91 we infer that for any e > there is C > such that on L 2 (M, f2< M £i) 
for all t and re [—1,1] 

(4.1) || e -*(^+'' a ) 2 || <Ce £t . 
From 

k(r) t (x,y) = f k{r) 1/2 {x 1 z){e-^' D ^ 2 k{r) 1/2 {- 1 y)){z)dz 

J M 

it follows that there is C > such that for t > 1 and r G [—1,1] in C k (M x 

(4.2) \\k(r) t \\<Ce et . 

This in turn implies that the inequality 14. II holds also on C h (M, (l^^Ei). 
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Furthermore by Duhamel's formula (see Prop. 113. 12|) 



dr 



f e -(t-s)CD E+ m) 3 (x> £ a + 2tP £ + 2rVi 2 )e-< V£ + r *l 2 ds 
Jo 



It follows that there is C > such that for t > 1 and r E [—1,1] in C* (M x 
(4.3) |||. fc(r ) t ||<c e rf . 

By Prop. 14.11 (4) and Duhamel's formula there is C > such that for t small and 
r E [-1, 1] on C k (M, n<f,£i) as well as on L 2 (M, f2<^) 

||^. e -*(^+r«) a || < Ct i/2 
dr 

and 

\\±((V £ +r?i)e- t ^+ r ^ 2 )\\ <C. 
dr 

The previous estimates allow us to obtain information about the resolvents of T> £ + 
r2t: 

For Re A 2 < and n E IN the integral 

(D £ + r2l - A)-™ = , / t n -\V £ + ra + A)" e -*« I,£+r2 ') 2 - A2 ) (ft , 

(n-1)! Jo 

which converges as a bounded operator on L 2 (M, Cl<^£i) : is of class C 1 in r. 



Proposition 4.2. Let m > dimA f, +fc+1 and Re A < 0. 

The operator (CD £ + r2l) 2 — A) _m is an integral operator with integral kernel in 
C k (M x M, St M Az £*), which is of class C 1 in r. In particular (CV £ + r2t) 2 - A)~ m 
is a bounded operator from L 2 (M, fl^fi) to C k (AI,fl< ll £i), which is of class C 1 
in r. 

Proof. We have that 

(CDs + rX) 2 - A)-™ = ; / t m - y e- t{ JP ^f-X) df 

(m- 1)1 J 

On the level of integral kernels the convergence of the integral follows for large t 
from eq. 14.21 and 14.31 and for small t from Prop. 14.11 (3). □ 

Proposition 4.3. Let (f>,ip E C°°(M) with disjoint support. Assume that there 
is a sequence (£n)neiN E C°°{M) with £i = <j>, supp(l — PI supp£„ = and 

supp£„nsupp?/' = and such that [£ n ,2l] is an integral operator with integral kernel 
inC°°(M x M,£iM Ai £f). 

For Re A 2 < and k E IN the operator 

${CV £ +rX) 2 -\ 2 )- k 4> 

is an integral operator with integral kernel in C°°(M x M,£i £*)> which is of 
class C 1 in r. 



Proof. The assertion follows from Prop. 14.11 (5) by the above integral formula. □ 
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In the following proposition we set r = 1 . 

Proposition 4.4. Assume that M is even-dimensional (and closed). For M as 
in SJH big enough there is ui > and a symmetric integral operator K with integral 
kernel in C°°(M x M,^ M Aoo such that 

£> £ +2l + /C-A is invertible on I?{M, 0< M £i) and on C k {M,Vt<^£ % ) for Re X 2 < to. 

For Re A 2 < an analogue of Prop. \4-S\ holds for (T> £ + 21 + K) 2 — X 2 , and an 
analogue of Prop. g3| holds for (f>((V £ + 21 + K.) 2 - X 2 y k ip with Re A 2 < uj. 

Proof. We first show that for M big enough there is an integral operator JC with 
integral kernel in C°°(M x M, $ Aoo such that V £ + 21 + K. is invertible on 
L 2 (M,£). 

The operator T> £ +21 is a Fredholm operator with vanishing index. By a construction 
as in <J3] for J\f big enough there is a symmetric integral operator ]Ci with integral 
kernel in C°°(M x M.E^ ^ Aoa ££J such that T> £ + 21 + JC\ has closed range as an 
operator on L 2 (M,£). Hence the projection V onto the kernel of T> £ + 21 + /Ci is 
well-defined and T> £ + 21 + /Ci + V has a bounded inverse on L 2 (M, £). By Prop. 
113.21 the operator V is an integral operator with integral kernel in L 2 (M x M, £ M A 
£*). Now the claim from the beginning of the proof follows from the fact that 
C°°{M x M,£oo M Aoa ££J is dense in L 2 (M x M,£M A £*). 

There is uj > such that the spectrum of the semigroup e -*C D £+ 2t +' c ) n L 2 (M, £ ) 
is contained in [0, e~ wt ] for all t. As above by Prop. 113.11 and Prop. 113.91 for any 
£ > there is C > such that for all i > on L 2 (M, fi< M £i) and on C k (M, Ci^Si) 

|| e -t(-D £ +2l+K;) 2 || < Ce -{w-e)t _ 

Now the first part assertion follows from Prop. 113.81 

The second part follows as above. □ 

4.2. Heat kernel for the superconnection. Recall the definition of the connec- 
tion Pdf + 7 in direction of Ai from Sj2j 

We define the superconnection associated to T> £ + r2t by 

A(r) := P d P + 7 + 2? £ + r2l . 

The curvature of A(r) is the ri^-AVlinear map 

A(r) 2 = (X> £ +r2l) 2 + [PdP + %V e + r2t] + PdPdP . 

The operator A(0) 2 is a generalized Laplacien (see ^4.31 for the calculation of the 
supercommutator), hence the construction of [BGV1 Ch. 2] applies here as well. 
Then one can construct and study the semigroup generated by — A(r) 2 as in the 
proof of Prop. 14.11 

Since A(r) 2 is a nilpotent perturbation of (T> £ + r2l) 2 on L 2 (M, f2< M £' i ) resp. on 
C k (M,tl< ll £ i ), analogues of the estimates 14.11 and 14.21 hold. 

We conclude: 
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| e -tA(r)'|| < Ce et || « e -tA(r)"|| < C(f t 



Proposition 4.5. The operator — A(r) 2 generates a holomorphic semigroup on 
C([-l,l],i 2 (M,f2< A( £' i )) resp. on C([—l,l],C k (M,(l< ll £i)), and e - tA ^ 2 is an 
integral operators with integral kernel p(r) t 6 C ca {M x M, f2< M £ j Kl^ < ^ Cl^^S*) 
depending smoothly on (t,r). The following estimates hold: 

(1) Let B be a first order differential operator resp. B = + 21L>£. There 
is C > swc/i £/ia£ /or |r|,i < 1 

||Be- tA M 2 || < Ct"5 , ||4se-* A W 2 || < C , 

ar 

|| e -tA(r) B || < ||^. e -tA(r) 2 B || < ^ 

ar 

on L 2 (M, fl^^Si). Furthermore for B = T>£% + 21L>£ i/iese estimates hold 
also on C k (M, fi< M £j). 

(2) Lor e > i/iere is C > smc/i t/iat on L 2 (M, f2< M £i) and on C k (M, Cl<^£i) 
for all r £ [—1, 1] and r > 1 

d_ 

dr 

(3) Lor e > there is C > smc/i i/iai /or all t > 1 and r S [—1,1] 

lb(r) t || <Ce et , ||Ap(r) t || <Ce £t , 
ctr 

where the norm is taken in C k (M x M, f2< At £'i ^n< .4 ^<^*)- 

(4) Let to > dim f +fc . L/iere is C > suc/i i/iat /or \r\,t<l 

\\p(r)t\\<Ct- m , \\±p( r ) t \\<Ct- m 
dr 

in C k (M x M,n<^ ® h<iiA . 

(5) Let 0, i/' € C°°(M) wiit/i disjoint support. Assume that there is a sequence 
(Cn)neiN C C°°(M) with^ = 0,supp(l-£ n+1 )nsupp£„ = and supp£„n 
supp ip = and smc/i £/iat , 21] is an integral operator with integral kernel 
in C°°(M x M, Si M Az £*). Then there is C > such that for \r\,t < 1 

\\<f>{x)p(r) t (x, yMy)\\ < Ct, \\<f>(x)-%-p(r) t (x, y)1>(y)\\ < Ct 

dr 

m C k {M x M, A<pfii H fts(iA A< M £*). 

4.3. Rescaled superconnection and limit for t — > 0. In the following we write 

A := A(0) = PdP + 7 + L>£ 
and define the rescaled superconnection 

A t = PdP + -f + VtV £ . 

We determine the limit of the pointwise supertrace of the heat kernel of e _A * for 
t -> 0, closely following [BGVl Ch. 4]. 

Assume n — dim M even. 

We adapt the Getzler rescaling to our situation: 
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Let U be a geodesic coordinate patch centered at xq G M. In the following we 
denote by x the coordinate. Let V := T Xo U = R", S v ■= S x „ and W := 
Hom C (y)(5y, E Xo ). Via parallel transport along geodesies we identify TU with 
V x U, furthermore the spinor bundle S\u with Sy x U, and Hom C ( T(7 ) (S\u, E\u) 
with W x U. There is an induced isomorphism E\u = (Sv <S> W) x U. As be- 
fore J 7 !^ = P(A m x [/). We consider £i\jj as a subbundlc of the trivial bundle 
(S v <g> W <g> .4?) x U .4™ x [/ for m = dim(SV <g> W) +p. 

For a G C°°(1R + x U, A*V* <g> M m (ft<^A)) we set 

(S u a)(t,x) :=E M ^a(ut,u?x) [k][l] . 
k,i 

Here a(t, is the homogenous component of a(t, x) that is of degree k with 

respect to the grading on A*V* and of degree I with respect to Cl<^Ai. 

We identify the Clifford algebra C(V*) with the exterior algebra AV* via the symbol 
map 

cr(a) := c(a)l 

with 1 G A°(V*). The restriction of the integral kernel of e~* A2 to U x U is denoted 
by x, y) and the restriction of the kernel of e~ A * by k{t, x, y). We have that 

((t, a;) -» fc(t, x, xo)) G C°°(IR + x £/, At/* ® M m (fi< M A)) • 

Set 

r(u,t,x) := u n / 2 d u k(t, x, x ) ■ 

Then 

r(u, 1, a;) = E u {n - k - l)/2 k(u, u?x, x ) [k][l] 
k,l 

= ^u { - n - k ^ 2 k{u,u^x,x ) m] . 
k.i 

Hence 

limr(u,l,a;o)[ n ][i] = lirn fc(tt, x , zo)[„p . 

We consider A 2 as an operator on the space C°°(U, AV* ® M m (f2< jU A))- Note that 

(<9 t - u(5„A 2 ^ 1 )r(u, t, ar) = . 

In the following we determine the limit of uS u A 2 S~ 1 for u — > 0. 

For that aim we calculate [Z> £ , P d P + 7] = [D £ , P d P] + c{di) . 

Let {ej}j = i ; ... ; di m M be an orthonormal basis of V*. We denote the dual basis 
vectors by dj, j = 1,.. . dim M. 

We use that there is a G C°°(t7, A 1 ]/* <g> M m (A)) such that 

n n 

^ = E c fe) v ^- = E c ( e i)^ p + c («) • 
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Furthermore P(djP)P = P(dP)P = 0. Then 

n 

[J2c(e j )Pd j P,PdP] 

3 = 1 

n 

= c(ej-) (PdjP d P - P d Pdj P) 
i=i 

n 

= c i e j) i p (9jP) dP + Pd j dP-P(dP)d j P-Pd djP) 

3=1 
n 

= ^c{e j )(P(d j P)(dP)+P(d j P)Pd-P(dP){d j P)-P(dP)Pd i ) 

3=1 
n 

= ^c(e J -)(P(9 i P)(dP) - P(dP)(aiP))) 

3=1 

= Pc(dP)(dP) + P(dP)c(dP) . 
We decompose a = £™ =1 efo)/^ with € C°°(Z7, M m (A))< Then 

n 

[a,PdP]=Y,<e j )(f3 j dP-Pd/3 j ) 

3=1 
n 

= 5>( ej 0(&(dP) + Pi&-P{d.pi) - ft d) 

3=1 
n 

3=1 

= c(a)(dP)+P(dc(a)) . 

Summarizing, 

[P £ ,PdP + 7 ] = Pc(dP){dP) +P(dP)c{dP) + c(d 7 ) +c(a)(dP) + P(dc(a)) . 
It holds that 

^(PdP + 7) 2 ^ 1 - (PdP + 7) 2 , 

and 

uSu^PdP+^S- 1 = E( £ (e i )+m(e J ))(P(^P)(dP)-P(dP)(5 7 P)+^(dP)-P(d^)+9 J - 7 ) , 

3 

which converges for u — ► to 

Q := P{dP){dP) +P(dP)(dP) +a(dP) + P(da) + dj . 

Denote by R(xo)ij £ A 2 V* the matrix coefficients of the curvature tensor of M and 
let K be the differential operator 

n n 

K = - i E R (xohx3) 2 + F £/S M ■ 

i=l 3 = 1 

From the previous calculations and |BGV|, Prop. 4.19] it follows that 
lim u8 u A 2 5~ 1 = K + Q+{PdP + 1 ) 2 . 

u— *0 
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Let voIm be the volume form of M. As in BGV, §4.3] one concludes that 
lim(tr s k(u, xq, xo)) vo\m (in this expression we do not apply the symbol map to 

k(u,Xo,x )) equals the A* y*- homogeneous component of degree n of 
(4.4) M -»/> det V* (-^) t ,, e -<^«— .-. k) 



(2m)- n / 2 A(M) tr s e ~(F £/s +Q+(P <* ^+7) 2 ) | 



In order to compare tr s e ^ ' +Q+( pdp +i) ) with the Chern character of V £ + 
(P d P + 7 ) we calculate the curvature of V + (P d P + 7): 

(V £ +PdP + 7 ) 2 = (V £ ) 2 + [V £ ,PdP + 7 ] + (PdP + 7) 2 

= (V £ ) 2 + [PdP + a,PdP + + (PdP + 7) 2 
= P £ +P £ / s + Q + (PdP + 7 ) 2 , 

where the equality 

[V £ ,PdP + 7 ] = [PdP + a,PdP + 7 ] = Q 
is proved by replacing c(ei) with e(ej) in the above calculations. 
In particular, if V is of the form V E g> 1 + 1 ® V^, then 

tr s ( e -^ £/S+c 3+( pdp +^ 2 )) =tr s ( e - i?B/S )ch(V^ + (PdP + 7 )) . 

In general, we will be sloppy and write ch(£/S) for the left hand side, thus sup- 
pressing the dependence on the connection. 



5. The 77-FORM 

We apply the results of the previous sections to the odd-dimensional manifold N of 
§S] and construct the 77-form. The construction works also if N is not a boundary. 

Let C\ be the Clifford algebra of IR with odd generator a with a 1 = 1. Define the 
superconnection 

A N = PdP + aV N 
and the rescaled superconnection 

Af = PdP + Vt(rV N . 
Both act as odd operators on sections of the Z/2-graded bundle C\ <g> Q.K.^Ef . 
Let tr CT (a + o~b) := tr(a) and define analogously Tr CT . 

Proposition 5.1. Let a t (x) be the integral kernel of t~^T>NC~^ At ) restricted to 

the diagonal. Then tr CT a t (x) G Cl*Aoc/[Q*Aoo, £l*Aoo] converges uniformly for t — > 
0. 

We will only need that Tr CT (I?jve _( - A ' V ^ 2 ) has a limit for t — > 0. 
Proof. We adapt [BCl pp. 49-50]. 

Let S 1 = M/2 endowed with the euclidian metric and let p : S 1 x N — ► A be the 
projection. 
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Define a Clifford module & = (C + © C") <E> (p*£f) on S 1 x N with Clifford multi- 
plication 

' i 



c(dxi) 



i 



and c{v) :— —c(dxi)ci\i(v) for v € T*N, and endow £j with the product ^4j- 
hermitian structure and connection. The projection °p is denoted by P again, 
and 7|jv °P is also denoted by 7. Thus P d P + 7 is a connection on in direction 

Of Aoo- 

Let ^ denote the Dirac operator associated to £; thus 

^ = c(dxi)(di -$ N ) . 

Let / £ C°°(S' 1 ) be a positive function such that f(x) = x + | for a; € [4, |]. 

For s > define a new metric 

g s = s^ob 2 + f{x x ) 2 g N 

on S 1 x AT. Let c s : T^S 1 x TV) -> End(£) denote the Clifford multiplication with 
respect to g s . A Clifford connection V on £ with respect to g s is given by 

7 h 



Viu = div 



V £ x v = Vi t> + ^c a {s-id Xl )c s (X*)v , 

where AT* € T* A^ is the dual of AT g TA^ with respect to f(xi) 2 g N . We write 
Djv := —c(dxi)</) N . The Dirac operator associated to V £ is 

dim N f\ 1 3 v 



?/(«) = c(da:i)(* 1 /2(0 1 + 



2 r / 



'JVJ 



1 /o , , . . _ dim A^ f. 1 „ 

The rescaled superconnection associated to <^/(s) is 

B(s) t :=PdP + 7 + v%(s) 

with curvature 

„, dim A" f' o 

B(s)? = -t a (a ai + — 2— y) 2 

-tc{dx 1 )s L l 2 L DN+t f-^ D l 
J 

+ Vtr 1 [PdP+ 1 ,D N ] + (PdP+ 1 ) 2 . 

Similar to JO] we consider the action of e - B ( s )? on C 00 ^ 1 x N, (A^S 1 M 
Cl{T*N))®M p {(l<^Ai)). 

We introduce the coordinate r = x\ — \ near = \ and rescale it: Let a € 
C 00 ^ 1 x AT, (ki^S 1 m C{T*N)) ® M p (fi fc A))< For |r| small and u > define 

<5 M a(r, x 2 ) — u~ia(u 1 / 2 r,x 2 ) ■ 

Then 

5 u c{dr)8- x = u- 1/2 e(dr) + u 1 ' 2 i(dr) , 
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and we have that 

S u d r S u -i = u~ x / 2 d r . 

We get that 

lim SuBiutS' 1 = -d 2 - drD N + D% - V~t[PdP + 7, D N ] - (P d P + 7 ) 2 . 

u— >0 

Fix y2 £ N and denote the integral kernel of S u e~ B ^ t S^ 1 evaluated at (r, X2, 0, 2/2) 
by (<5 u e -B ( u )* S~ x ) (r, X2), and similarly for other integral operators. Thus 

lim (J u e- B («>?C) (0,2/2) - -^((l + tdrD N )e^ pdp+ ^ D ^ 2 )(0,y 2 ) . 

We identify A*T*S 1 <g> Cl(T*N) with CZfT*^ 1 x iV)) via the symbol map. Then 
for some C > 

limtr s (^ e - B ("'^- 1 )(0,y2) = CVnr CT a(y 2 ) . 

The term tr s (^5 u e~' B ^ t (5" 1 ) (r, j/2) has a development near r = and for u,t < 1 
of the form 

J2 t>- n/2 u l/3 kjAr,V2) • 

By eq. 14.41 the supertrace tr s (5 u e~ B ( u ^ 5~ x ) (0, 7/2) converges for f — > and u = 1 
to the coefficient of volsi x jv of 

(2«)-"/ 2 i(^ x AOch^/Sjv)!^) . 

One checks that no component of this expression involves dr, thus supertrace van- 
ishes. It follows that kjj(r, 2/2) = if j < \. This shows the assertion. □ 

Let A be an adapted trivializing operator for T>n and let ip € C°°(]R) be a function 
with ip{r) = for r < 1 and ijj(r) — 1 for r > 2. 

We define the superconnection A N (r) — PdP + j + a(T>N + ip(r)A). Its curvature 
is 

A N {r) 2 = (V N +iP(r)A) 2 + (PdP + ~f) 2 -aR 
with R = [P d P + 7, X>jv + ?/>(r)A] bounded and Q,<^Ai-\vneax . 
The rescaled superconnection is given by A N (r) t = P d P + 7 + \fta(T>N +ip(r)A). 
Set 

1 Z" 00 dA^(t} 

V 71 " J dt 

For f — » the convergence follows from the previous proposition, for t — > 00 it is 
implied by the results in £ 14.11 Note that in general 77 (^at, A) depends on the choice 
of if>, although this is not reflected in the notation. 
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6. Heat semigroup and superconnection on the cylinder 

6.1. Resolvents and heat kernel. The discussion in this section is similar to 
BED §§3-4, 4.2]. 

Let Z = IR x N. Denote by £ z the bundle (©+ <C~) <E> p* (£ N ) with the Clifford 
module structure as in the proof of Prop. 15.11 and let $z be the Dirac operator 
associated to £ z . 

Let 21 be a selfadjoint operator adapted to T>m- Recall that 21 denotes the transla- 
tion invariant operator ( ^ 'st ) on L 2 (Z, r2< M £j Z ). 

Fourier transform is continuous on the Frechet space of rapidly decaying functions 
S(Z, VL<^£ Z ) since S(JR) is nuclear. 

We fix the convention that closed operators have S(Z, Cl<^£i) as a core for their 
domain. In particular we take first powers, then closures. 

Let T>z{r) be the closure of $z — c{dx\)r%. 

Denote by T>n + r2l the closure of (J)n + rQL, which acts on S(Z, fl^^Si) in a trans- 
lation invariant way, and denote by Ajr the closure of the Laplace operator —d^ . 
Both, (V?q + r2l) 2 and A]r generate holomorphic semigroups on L 2 '{Z ', fi^fj) by 
the fact that L 2 (Z,n<^) = L 2 (1R, L 2 (N, Cl^^E^)). It follows that 

e -tCDjv+ra) 2 e -tA m _ e -tV z (r) 2 

is a holomorphic semigroup on L 2 (Z, Cl^Si). The strong limit for t — > is uniform 
in r € [-1, 1]. 

Furthermore e _tI,z ^ r -' 2 acts also as a holomorphic semigroup on the spaces 
Cft(JR, C 2 ® C'(iV, Q<fj,£f )), MeN, and the strong limit for i ^ is uniform in 
r e [-1, 1] as well. Hence this also holds for C^(Z 1 Cl< ll £? ; ). 

Eq. 14.11 and the subsequent remarks imply that for any e > there is C > such 
that for all i > 1 and re [-1,1] 

(6.1) \\e- tVz{r)2 \\ < Ce et , || A e -«>*M 2 || < Ce £t 

ctr 

on L 2 (Z,n<^£?) resp. on Cq{Z, Cl<^£ z ). 

Lemma 6.1. (1) Let B be a differential operator of order k with coefficients 
in C°°(Z, n< M £f x A< ^. £l<nSf ). Let to > dim 2 z+fc . J7ien tfiere is C > 

swc/i that for \r\,t < 1 on L 2 (Z, Q^f ) 

|| Be -tX> z (r) 2 |, < ^-m ||iL Be -tX' Z (r) 2 || < flj-Bi 

ar 

(2) Let B be a differential operator of order 1 luii/i coefficients in 
C^iZ^^f x h< A . resp. let B = V N Vi + WD N . Then for 

\r\,t < 1 on L 2 (Z~n< f ,£ i ) 

\\Be- tVz ^ 2 \\ < CT* , \\±Be- w ^ 2 \\ < C , 
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|| e -«M0 2 B|| < cri , \\^-e~ tVz ^ 2 B\\ < C . 

dr 

For B = 2? 7v 21 + 211? n these estimates hold also on Cq(Z, f2< M £i). 

Proof. Without loss of generality we may restrict to the case where B is translation 
invariant. 

We decompose B = ■ Bj(id Xi y with Bj a differential operator on C oa (N, £■") of 
order at most k — j and write 

B j (id xi ye- fJ> '^' =B je - t( - v » +r ^ 2 (id Xi ye- tA ™ . 
Now the assertion follows since by Prop. 14.11 (3) for \r\,t < 1 

|| Bje - t (D„+ra) 2 || < Ct -m+i \\d B . e - t (p N+ rXY^ < Ct- m+ i 

and since furthermore 

\\(id Xl ) j e- tA ™\\ < Ct~i . 

The second claim follows analogously by using Prop. 14.11 (4). □ 

Proposition 6.2. Let X £ C withKeX 2 < 0. ThenT>z{r) — \ has a bounded inverse 
on S(Z,Cl<: fl £,f) as well as on L 2 (Z,£l<[ l £f s ). On L 2 {Z,Q,<^£^) the inverse is of 
class C 1 in r (with respect to the norm topology). Furthermore its derivative is 
bounded on 5(Z,fl<^f). If f £ S(Z,h<^£f), then (r i-> {V z {r) - A) -1 /) G 
C\[-l,l],S{Z,(l^)). 

Proof. We first consider the action on S(Z, f2< M £^). 

Fouriertransform intertwines the operator T>z(r) — A = c(dx i)(di — (T>n + r2t)) — A 
with the operator c(dx\){ixx — (T>n + r2t)) — A. It is enough to study the inverse 
of its square (A 2 -x\ + (D N + r2l) 2 ). 

The resolvent (A 2 - x\ + (V N + rSl) 2 )" 1 exists on C k (N, Cl^S^) by the results 
in 2] and is bounded by C(|xi| + 1)~ 2 , with C independent of r £ [—1,1]. The 
bound follows from the standard estimate for resolvents of generators of holomor- 
phic semigroups. Thus (A 2 — x\ + (T>n + r2l) 2 ) -1 defines a bounded operator on 
S(Z, Vt<^£i). The usual resolvent formula implies that (A 2 — x\ + (T>n + r2l) 2 ) -1 / 
is continuous in r and that 

= -(A 2 - x\ + (V N + r%f)- l {W^ N + V N % + 2r2l 2 )(A 2 - x\ + (V N + rSt) 2 )- 1 / , 
which is also continuous in r. 
On I?(Z^< illi £i) the integral 

(V z (r) - A)- 1 = j o (V z (r) + A) e -*(^W a -A a ) dt 

converges as a bounded operator. It is C 1 in r by the estimates of the previous 
Lemma. □ 



It follows that the powers of T>z(r) — A with Re A 2 < are closed. 
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Proposition 6.3. Let m G IN, k G JN with m > dimZ + fc+1 . Let A G C OTi/i 
Re A < 0. 

T/ie operator (T>z(r) 2 — A)~ m is a bounded operator from L 2 (Z,Cl<c f _ l £i) to 
C k (Z,Cl<: fi £i) that is of class C 1 in r. 

Proof. For a differential operator B = ^ . Bj(id%y °f order smaller or equal to fc, 
where the -Bj are differential operators on C°°{N,Cl<^£i) of order at most fe — j, 
the operator B(D z (r) 2 — A) _m is well-defined on S(Z,Cl< fJl £i) and 

i z* 00 

B(2? z (r) 2 - A)-™ = -. \ t m - x Y S J -e-*^+ rSl ) 2 (iftV'e-^e^dt . 

The following estimates hold for small t and r G [—1,1] and the norm is the operator 
norm for bounded operators from L 2 (.Z, fi<^£j) to C(Z, Ct< fl £i): 

II (idye- tA ™\\ L ^ c < at-*? . 

Hence the integral converges as a bounded operator from L 2 (Z,il< IJi £ i ) to 
C(Z, fl^Si) and is C 1 in r. □ 

Proposition 6.4. Let k G IN and A G C with Re A < 0. 

Let (f>, ip G C°°(IR) urei/i disjoint support and with <p resp. ip compactly sup- 
ported. Then <f>(T>z{'r) 2 — A)~ k ip is an integral operator with integral kernel in 
C\{-l,l],S(ZxZ,£? M Ai (£?)*)). 

Proof. We only prove the case where ip is compactly supported. The other case is 
analogous. We use induction. First assume that k = 1. 

For T > the integral kernel of 

Jo 

is in C l {[-l,l],S{Z x Z,£f ® Ai {£?)*)). 
Furthermore 

<t> J e -t(v N +r*f e ~tA me tx dtlf) = ^ Vz ( r ) 2 - A)- 1 e- T ( p " +r21 ) 2 e- TA -e T V , 

and the integral kernel of e ~T{v N +r%) 2 e -TA m( ,T\^ ig in ^([-l, 1},S(Z x 
Z,£f m Ai (£?)*)). We conclude from Prop. that the integral kernal of 

(j>J^ e-^ VN+r ^ 2 e- tA ^e- tx dt $ is in &{[-!, l),S{Z x Z,£? ® Ai (£?)*)). 

For k > 1 let £ G C£°(IR) be such that supp(l— £)nsupp-0 = and supp£nsupp^> = 
0. By induction and by Prop. 16.21 each of the terms on the right hand side of the 
following equation is an integral operator with integral kernel in C 1 ([— 1, V\,S{Z x 
Z,£fm Ai {£?)*)); 

4>(V z (r) 2 - A)- fe V = HVz(r) 2 - X)- k+1 ^V z {r) 2 - A)"V 

+ <f>(V z (r) 2 \)- k+l {\ - i){T> z (r? - A)"V ■ 

□ 
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If 21 is a trivializing operator for T>n then there is ui > such that on L 2 (Z, &<fi£f) 

|| e -t(xv+a) 2 || < Ce -ut _ 

Analogues of the previous three propositions hold for the resolvents (2?z(l) 2 — 
with Re A < ui resp. (T>z(l) - A) -1 with Re A 2 < u>. 

6.2. The superconnection. A superconnection associated to T>z{r) is defined by 

A z (r) := PdP + -f + V z (r) = PdP + 7 + c{dxi)d x - c(dxx)(V N + rSl) , 

and the corresponding rescaled superconnection by A z (r) t := P d P + 7 + \ftT>z{r) 
It holds that 

A z (r) 2 = V z {rf + (Pd P + 7 ) 2 + c(d Xl )[P dP + -/,V N + rSl] 
= Aju + (PdF + 7) 2 + (V N + r2l) 2 + c(dxi)R . 

Note that c{dx\)R = Rc(dxi). 
There is a linear map 

C : a + ab 1— > a + c(dx\)b , 

with (j as in [5] 

Here, for example, a, 6 are homomorphisms on Cl<^£f and the image is a homo- 
morphism on Q^Sf. If a, b are operators on L 2 (N, Cl^^SF), then £(a + ab) is a 
translation invariant operator on L 2 (Z, Cl<^£ z ). Note that for homomorphism the 
supertrace vanishes on the image of C. 

Using Volterra development with respect to c(dx±)R one verifies that 

(6.2) e -*A» 2 = e-tAH^-tA^r)*) . 

We conclude from Prop. 14.51 

Proposition 6.5. The operator e~ tA ^ is an integral operator with smooth inte- 
gral kernel p z (r)t depending smoothly on (r,t). For any £1,62 > and c > 4 there 
is C > such that for \ X \ — y\\ > £2 for all t > and r G [—1, 1] 

\p z (r) t (x,y)\ KCe^-^ 1 . 

Analogous estimates hold for the first derivatives with respect to r, t and the partial 
derivatives in x,y. 

The pointwise supertrace of the integral kernel of e~ tA ^ vanishes. The same 
holds true for the composition of e"* A ^ with even differential operators com- 
muting with c{dx\). Moreover the pointwise supertrace of the integral kernel of 
f z(r)e~ tA ^ vanishes on the diagonal. Analogous statements hold for the inte- 
gral kernel of the rescaled operator e~ A . 

For later use note also that for homomorphisms a, b, c on Cl<^£^ 

(6.3) tr s cC{a + ab) = tr s (ca ± c{dx\)cb) — 2 tr(ca) = 2 tr CT c(a + ab) . 
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7. Resolvents and heat semigroup on M 

Let M be a manifold with cylindric ends as in $2j We assume that A is an adapted 
trivializing operator for T>n. Recall x,^ from $3]and the function ip defined in the 
end of $5l 
We set 

T>(r, p) := V £ - ^(r)c(d Xl ) X A + P & . 

For the definition of a parametrix and for the study of the heat semigroup patching 
arguments will be used, which we prepare now. 

We assume J\f G IN denned in f}3] large enough for the constructions in the following 
sections to work. 

Let d > 4 be such that support of the integral kernel of A is contained in (M c U{i£ 
Z+ | Xl <d-l}) 2 . 

Define an open covering U := {Uq, U\, U2} of M by 

• U Q := M c U {x e Z+ I xi < |} U * , 

• C/i := {xe Z+ I oji e (0,d)} , 

• [/ 2 := {x G Z+ I > rf - 1} . 

We have that suppx f~l E/o = 0, suppx' c t/i and suppx' fl U2 = 0- Furthermore 
the intersection of the support of the integral kernel of & with M x U2 U U2 x M is 
empty. 

Let (^0) ^1 j 02) be a smooth partition of unity subordinate to hi and let (Co, Ci> C2) 
with Q € C°°(M) be such that supp£j C Uj and supp(l — Q) n supp0j = 0. Note 
that the derivatives of 0-,- , £j are supported on the cylindric end. We assume that 
the (f>j, Q only depend on the variable x\ on the cylindric end. 

Let W be the union of a closed manifold and an isolated point *w and let Eyy 
be a Z/2-graded Clifford module on W. Assume that there is an isomorphism 
E\u — > Ew of Clifford modules whose base map is an isometric embedding mapping 
* to *w We identify E\ Uo with its image in E w . Let P Q € C°°(W, M p (^ oc )) be a 
projection such that P |r/ = ^Vo- We set £W = ^ W ® -fb(W x -4 P ) and choose a 
Clifford connection on £ w which agrees on Uq with V £ . Let T>q{t) := XV be the 
Dirac operator associated to £ w . 

Furthermore choose a connection P$ dPo + 7o on in direction of A4 with 7o|(7 — 
7|(j . Furthermore we assume that 7 supercommutes with Clifford multiplication 
and that 7 = —7*. 

Let £ € C£°(Ui) be such that £ equals x on a neighbourhood of supp£i. Let 
Sd+i = JR/(d + 1)2 be the circle with circumference d + 1. We define y as the 
union of S^+i x A" and an isolated point *y Let p : Y \ *y — •> A" be the projection 
and let £f w = C 2 w and £ y (*y) = £(*). We endow <C 2 ®p*£ N with the 

product Dirac bundle structure. Furthermore we identify £\u t with the restriction 
of £ Y to (0, d) x N dY. 

Let Vy be the Dirac operator associated to £ Y . Then the operator 

D x ( r ) := Di - ^(r)e(d:ri)£i 

is a closed operator on L 2 (F, (l<^£ Y ). A straightforward calculation exploiting the 
product structure shows that c(dxi)t;A is adapted to V\. Hence the results of $4] 
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apply. 

We define Pi, 71 by Pi(x) — P(p(x)), j -fi(x) — r y(p(x)) for x € Y \ *y and Pi(*y) — 
P(*)i1i(*y) — 7(*) and thus get a connection PidPi + 71 on £^ in direction of 

Furthermore we set 

V 2 {r) :=V Z -V(r)c(dxi)i 
and Pz(x) = P(p(x)), 72(2;) = l{p{x))- Here p : Z — » iV is the projection. 

7.1. The resolvents. In the following we define a parametrix of T>(r, p) — A, which 
will be used to apply the results of i jl3.ll 

By Prop. 14.41 for J\f large enough there is a symmetric integral operator /Co with 
integral kernel in C°°{W x W,£f m Ai {Ef)*) and uj > such that 

Q° x := (Pq(2)+/Cq-A)- 1 

exists for Re A 2 < u>o- 

Similarly, assuming M large enough there is uj\ > and an symmetric integral 
operator JCi with integral kernel in C°° (Y x Y, £? M {£? ) * ) such that Q\ := (X>i(2)+ 
/Ci — A)^ 1 exists for Re A 2 < u>\. 

Furthermore we can choose u>2 > such that Q\ — (2?2(2) — A) -1 is well-defined 
for Re A 2 < oj 2 ■ 

For Re A 2 < min(w , wi, o^) we set Q A := Sj=o <t>iQ\Q- 

In order to study the r-dependence we define = (T>j(r) — A) -1 , j = 0, 1,2 for 

Re A 2 < and set 

2 

Qx(r) :=^^Qi(r)0 . 
j=o 

We verify that Q\(r) is a regular left parametrix of T>(r, p) — A in the sense of §13.11 

We denote equality up to integral operators with integral kernel in C 1 (1R x 
[0, 1],S(M x M, £ l £*)) by~. 

We have that 

Q x (r)(V(r,p)-X)-l 

~Q A (r)(Z>(r,0)-A)-l 

2 2 

= E^MO^M) - + E^(QaW(^M - a) - 1)0 

J=0 j=0 
2 

- . 

The last equivalence holds by the off-diagonal properties of the resolvents, which 
follows from Prop. 14.31 and Prop. 16.41 

It follows that Qx(r) is a regular left parametrix of T>(r, p) — A as defined in £113.21 
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Analogously for Re A 2 < min(o;o, wi, W2) and r > 2 the operator Q\ is a regular left 
parametrix of T>(r, p) — X. 

We also need parametrices of higher order. We only carry out the construction in 
the case A 2 < 0, the case Re A 2 < min(u; , u)\, lo 2 ) and r > 2 is similar. 

Set 

3=0 

Lemma 7.1. The operator is a regular left parametrix of (D(r, p) 2 — X 2 ) m . 

Proof. Let £j e C^°(M) be a positive function such that supp^- nsupp(l — Cj) = 
and supp <j)j n supp(l — £,•) =0. 

Then 

j^^Arf X 2 )- m Q{V{r,pf A 2 ) m 

~ ^>(^(r) 2 \ 2 )~ m ~ 1 (Dj(r) + A) -1 £j(Dj(r) - A) _1 £j(r>(r, p) 2 - A 2 )" 1 
~ 2 <^(r) 2 - A 2 ) _ " l_1 (Dj(r) + A)"^-^) + A)(Z>(r, 0) 2 - A 2 )— 1 
+ j^4 >j {V j {rf X 2 )~ m ~ 1 (Vj(r) + XrHVjirfo &2>(r, p))(V(r, 0) 2 - A 2 )— 

By induction X^=o < Pj(^j( r ) 2 ~ A 2 ) _m_1 ('D ; (r) + A) _1 £j ^ s a regular left parametrix 
of (Vj(r) + A)(X>(r,0) 2 - A 2 ) m_1 . This shows that the first term is equivalent to 
zero. In the second term <pj (T>j (r) 2 — X 2 )~ rn ~ 1 (T)j (r)£j — £jT>(r, p)) is equivalent to 
zero by the off-diagonal behaviour of (Dj (r) 2 - A 2 )~ m_1 ('Dj (r) + A)" 1 . □ 

Proposition 7.2. Assume that T>(r,p) — A has a bounded inverse on L 2 (M,£). 

(1) If Re A 2 < 0, then T>(r, p) — A has a bounded inverse on L 2 (M, Cl<^£ j) 
that is of class C 1 in r. It also acts continuously on S(M, Q<^£j) and 
for f e S{M,n<^£i) it holds that ((r, p) ^ (V(r,p) - A)" 1 /) € C^H x 

[-i,i],5(M,n<„5i)). 

(2) Le£ Re A 2 < and Zet m, fc e IN witft m > dimA ^ +fc+1 . Then {V{r lP ) 2 - 
A 2 ) - " 1 maps L 2 (M, Q<^£i) continuously to C k (M,fl< fJ ,£ i ) and is of class 
C 1 in (r, p). 

(3) If r > 2 and Re A 2 < min(cjo, Wi, ^2), then (1) and (2) also hold. 

Corollary 7.3. If p 7^ and r > 2, then there is lo > such that the operator 
D(r,p) — X has a bounded inverse on L 2 (M, f2<^£i) for A 7^ and Re A 2 < lo. 

Proof. Since the selfadjoint operator T>(r,p) has closed range for p 7^ and r > 2, 
there is lo > such that the operator T>(r, p) — X has a bounded inverse on L 2 (M, £) 
for A ^ and Rc A 2 < to. □ 
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Corollary 7.4. Let p / and r > 2. TTie fcerneZ of V(r, p) on L 2 (M, fi< M £j) 
consists of elements of S{M 1 CL< fjL Ei). 

Proof. Let / be an element of the kernel of X>(r, p) on L 2 (M, Cl^Si). Then by the 
previous proposition for to > dlm A *+ fc + 1 

/ = (V(r,p) 2 + l)~ m f G C fc (M,n< p £<) . 

Thus / G C°°(M, £l< M £i). This implies that 

^2(r)0 2 / = ^ 2 (r)0 2 - faV(r,p)f = c{dfo)f € S{Z,(t<„e?) . 

Hence by Prop. 16.21 

Thus f eS(M,n<^). □ 

For p ^ and r > 2 let P be the projection onto the kernel of T>(r, p) on L 2 (M, £). 
It exists since the range of T>(r, p) is closed. Furthermore T>(r, p) + V is invertible 
onL 2 (A/,£). 

Proposition 7.5. Let p ^ and r > 2. 

(1) It ZioZds i/ia£ V = Ylj—i Qjh*j f or appropriate elements 9j,hj G 
iS(M, £ OQ ) 1 j — 1, . . . ,k in the kernel ofT>(r,p). 

(2) An analogue of Prop. |7.£| holds for T>{r, p) + V . In particular the operator 
D(r,p) +V has a bounded inverse on L 2 (M, f2< M £i). 

Proof. By Prop. 17.21 zero is an isolated point in the spectrum of T>{r, p) on 
L 2 {M,Cl<^£i). Hence for r small enough 



V = ±-\ {V{r,p)-X)- 1 d\ 

2« 7|AI=r 



is well-defined and bounded on L 2 (M, f2< M £j). 

For p = we have that Raiioo V C S{M 1 £ 00 ) by the previous lemma. (Here we 
use the notation of Prop. 113. 3|) . Since S(M,Aoo) C L 2 (M, (D) 0^ Aoo, and since 
the bundle £oo can be isometrically embedded in a trivial bundle, the first assertion 
follows from Prop. 113.31 The proof of the second assertion is as the proof of Prop. 
17.21 Note that Q\ is also a left regular parametrix of X>(r, p) + V — A. □ 



7.2. The heat semigroup. We prove the existence of the heat semigroup 
on Cb(]R x [— 1, l],i 2 (M ) 0< /1 f,-)) generated —T>(r,p) 2 (considered as a family 
parametrized by (r, p) € TR x [—1,1]) by defining an approximation and then using 
Volterra development as in [BGVl §2.4]. 

We set 

E(r)t :=£&c "*«V 
Proposition 7.6. Let to, & G IN iwf/i m > dimM+fc+1 . 
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(1) The operator —D(r,p) 2 generates a holomorphic semigroup on Co(K x 
[-l,l],L 2 (M,Cl<^Si)). For t > the operator e" 1 ^^ is of class C 1 
in (r,p,t) on L 2 (M 1 fl< fJl £ j). 

(2) For t > the operator er tTl ^ r ^P) is a continuous operator from 
C 2m (M, fl^^Si) to C k (M,£l<n£i), which is of class C 1 in (r,p,i). 

(3) Let B be a first order differential operator. On Co(H x 
[-1,1], L 2 (M, fort<\ 

\\Be~ tv ^\\ < Ct~i, \\e- tv ^ 2 B\\ < Ct~^ , 

\\d Be ~tV(r, P f || < Q |j d^ tV{r ^2 c 

dr dr 

(4) For e > there is C > such that for all t > 0, r <E IR, p £ [-1, 1] 

|| e - t x>(, %P ) 2 || < C e st , || _^_ e -*^C-^) 2 1| < C t" 2 e et 
dr 

as an operator on L 2 (M, Q^^Si) resp. as an operator from C 2m (M, fl<^£i) 
toC k {M,(l<^). 

(5) Let p =/= and r > 2. Then the estimate in (4) holds with e = 0. Let V be 
the projection onto the kernel of T>(r, p). There is lo > and C > such 
that for all t > 

|j e -t(X>(r,p)+T>) 2 || < Ce -u>t 

as a operator from C 2m (M,Cl<: f j i £i) to C k (M,ti< fl £i) resp. as a operator 
on L 2 (M,Cl< fl £ i ). 

Proof. For t > let 

R(r,p)t ■= (j t +V(r,p) 2 )E(r) t 

2 

= ^[P £ ,c(dC,)]e- tIMr)2 ^ + (p(SW(r,0) +T>(r,0)&) + p 2 & 2 )E(r) t 
3=0 

and set R(r, p) = p(SW(r, 0) + V{r, 0)£) + p 2 & 2 . 

Note that R(r,p)t is a bounded operator from L 2 (M,Vl< llj £i) to C]?(M, O^f-j) for 
any k £ IN and is of class C 1 in (r, p, £) . 

Thus (see [BGVl §2.4] the series J2n=o(~' 1 )Q n (^ P)t with 

Q n (r,p) t := / E(r) t - Ul R(r,p) Ul - U2 . . .R(r,p) Un _ 1 - Un R(r,p) Un dui . . .du n 
JtA n 

converges and defines the strongly continuous semigroup e -~ tT> ( r 'P) on 
L 2 (M,fl< fi £i). (The semigroup is unique since on L 2 (M,£i) it has to agree with 
the one defined on the Hilbert A- module L 2 (M,£) by the functional calculus for 
selfadjoint operators.) One checks that for t > the limit is of class C 1 in (r, p, t). 

By a similar calculation as above \\4;E(r) t — E(r) t T>(r, p) 2 \\ < Ct~i for t < 1. 
Thus, since i?(r, p)t is uniformly bounded for small f 

||D(r,p) 2 ^(r) t -£(r) t I>(r,p) 2 ||<Cri . 
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Using that V(r, p) 2 R(r, p) t is uniformly bounded as well for t small we get that 
\\V(r,p) 2 Q n (r,p) t \\ < Ct n -^ for small t and n > 1. Since \\V(r, p) 2 E(r) t \\ < Ct' 1 , 
this implies that \\V(r, p) 2 e~ v ^ \\ < Ct' 1 . Hence the semigroup extends to a 
holomorphic one, see Prop. 113.61 

This implies (1). The first two estimates in (3) follow since ||-B.E(r)t| < Ct~^ and 
\\E{r) t B\\ < Ct~i by Prop. Oand Prop. O 

(2) follows from Prop. [721 and 

e -tv(r,pf = ( V (r,p) 2 +X)- m e- tv{r ' p) \v(r,p) 2 +X) m . 

From the above series expansion one infers that e~ tT> ^ r 'P) preserves the space 
<S(M, Cl<^£i). Thus we can apply Duhamcl's formula (Prop. 113. 12[) and get 

dr J dr 

The first estimate of (4) follows from Prop. I7.2l and Prop. 113.91 the second from the 
first in combination with the previous formula. We also get the remaining estimates 
of (3). 

The proof of (5) is analogous and uses Prop. 17.51 (2) and, for the last statement, 
the fact that e - tv ^ 2 = e -*^ (^p) 2 (1 - -p) + p. □ 

7.3. The heat kernel. In the following we construct and study the heat kernel of 
e -tT>(r,p) by comparison with E{r) t . 

By Duhamel's principle 

E( r )t ~ e~ m ^ P ? 

(7.1) = V f e-^^ps,^)^-^^^ ds 

t 

e -sV(r, P f ( p (££>(r, o) + T>(r, 0)&) + p 2 & 2 )E{r) t _ s ds . 

o 

Using the heat kernel estimates of £|4. II and Prop. 16.51 we infer that the operator 
X^oP^' c(d(j)]e~ tVj( - r " 1 <j)j has a smooth integral kernel g t (x,y), which is sup- 
ported in U\ x M. For any e > 0, c > 4 there is C > such that for t > 0, r e 1R 

\gt(x,y)\ < Ce et l Ul (x)(tl UoUUl (y) + e « ) . 

Analogous estimates hold for the partial derivatives and the first derivatives with 
respect to r and t. 

The term (p(^2?(r, 0) + T>(r, 0)8) + p 2 & 2 )E(r) t is an integral operator with smooth 
integral kernel supported on (/7 U U\) x ([/ U (7i). The integral kernel converges 
in C C °°(M x M,£i M Az £*) for t -> uniformly in r G JEL, p £ [-1,1]. Further- 
more for any e > there is C > such that the integral kernel is bounded by 
Ce et lu uu 1 (x)lu uu 1 (y) for t > 0,r € IR, p e [—1, 1]. Analogous estimates hold for 
the partial derivatives and the first derivatives with respect to r, p and t. 

Let m,k e 1N with m > dimM+fc+i . Since e ~ sV ^ 2 : C 2m (M, Cl^Si) -> 
C k (M,Q<^£i) is bounded by Prop. EH we get that E(r) t ~ e- w{ ?,p? i s an 
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integral operator with smooth integral kernel, which furthermore is of class C 1 
in r. Hence e~ tT)lj '' p ^ is an integral operator with integral kernel k(r, p)t £ 
C°°(M x M, Cl<^£i ^ci< At which is of class Cl in ( r ' P> t )- 

We denote by e(r)t the integral kernel of E(r) t . 

From the previous considerations and Prop. 17.61 we obtain the following estimate 
on the integral kernel: 

For e > 0, c > 4 and fixed p, r there is C > such that for all t > 0, p G [—1, 1], r 6 
M 

(7.2) \k(r, p) t (x, y) - e(r) t (x, y)\ < Ce et t(l UoUUl (y) + e~ ~ ) . 

Analogous estimates hold for the first derivatives with respect to r, p, t and the 
partial derivatives with respect to x, y. 

Proposition 7.7. The operator —T>(r, p) 2 generates a holomorphic semigroup on 
C (IR x [-1, 1], Cfi(M, 0<^)). For t > the operator e~ tv ^ 2 is of class C 1 m 
(r,p,t). There is C > such that on C (M x [-1, 1],Cq(M, f2< M £,-) for t small 

\\— e -tv(r, P fn < Ct i/2 
dr 

For any e > there is C > such that for all t > on Co(H x 
[-1,1],C *(M, 

\\e- tv ^ 2 \\<Ce 6t . 

Proof. The operator E(r) t is strongly continuous in t. It fulfills the bounds in the 
assertion by the estimates in ^4.11 and by estimate 16.11 Furthermore, since E(r) t 
is defined from the holomorphic semigroups on a closed manifold and the cylinder, 
on C (M x [-1, 1], C$(M, fl<^i)) for t small 

\\jE{r) t \\<Ct^ . 

The estimateOshows that E(r) t ~ e - tv( - r ^^ is well-defined as a bounded operator 
on Co(lRx [—1,1], Cq(M, Cl<fj_£i)). Furthermore it is of class C 1 with respect (r, p, t) 
and it and its first derivatives are bounded by Cte st for t > 0. It follows that 
e -tv(r,p) j g a s t ron giy continuous semigroup fulfilling the estimates. This and the 
previous estimate imply that for t small 



[ dt " - 



d 

dt' 

Thus, by Prop. 113.61 the semigroup is holomorphic. □ 

8. The semigroup associated to the superconnection 

We define the superconnection associated to T>(r, p) by 

A(r,p) := PdP + j + V(r,p) 
and the rescaled superconnection by 

A(r, p) t := P d P + 7 + VtV(r, p) . 
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Later we will set r = t, however the following calculations are more transparent 
with both variables kept separate. 

The curvature 

A(r, pf = V(r, pf + [P d P + 7, V(r, p)] + (P d P + 7 ) 2 

is a nilpotent perturbation of T>{r,p) 2 , and the difference A(r, p) 2 — 
V(r,p) 2 is bounded on C (JR x [-1, 1], L 2 (M, 0<^)) resp. on C (JR x 
[— 1, 1], Cg (M, f2< M £i)). ft follows that e~ tA ( r ' p ) is a holomorphic semigroup on 
C (lRx [-1,1],L 2 (M,0<^)) and on C (TR x [-1, 1], C#(M, 0<^)). If TV is the 
operator that multiplies a homogeneous element (with respect to the 2-grading on 
f^<A»*4i) of order m by m, then 

e -A(r,p)? = r N/2 e -tA(r,p) 2 t N/2 _ 

The key strategy for the study of e~ A ( r ' p )* is as in the previous section the com- 
parison with an appropriate approximation. 

For j = 0, 1, 2 set (r) = P; d P 3 +'y j +V j (r) and Aj (r) t := Pj d Pj + v^fj (r) . 
We define 

and write h(r) t for its integral kernel. 

Since e~ A ( r ' p )' is not a semigroup, we cannot directly use Duhamel's principle as 
in the previous section. This makes the proof of the following proposition more 
technical. 

Proposition 8.1. The operator e~ A ( r ' p )* is an integral operator with integral kernel 
p(r,p) t e C°°(M x M,Q<^£i 13^ _ 4 . [Q.< lx £ i )*), which is of class C 1 in (t,p,r). 
The following estimates hold: 

(1) For any e > 0, c > 4 there is C > such that for t > e, p G [—1, 1], r e IR 

|p(r, p) t (x, y) - /i(r)t(x, y)\ < Ce £t e 

(2) Por T > and c> 4 i/iere is C > sucA tftaf forO<t<T 

2 , 

^ — d(i(,supp dCj) 

|p(0, 0) t (x, y) - h(0) t (x, y)\<Ct\ e * (y) • 

3=0 

Analogous estimates hold for the partial derivatives with respect to x, y. The first 
estimate also holds for the first derivatives with respect to r,p. 

Proof. In order to keep track of the rescaling process we use Volterra development. 
With B = [PdP + 1 ,V{r,p)] + (PdP + 7 ) 2 and 

J„(r, p,t)= J e -^tV{r,pf Be -u 1 tV(r,pf Be -u n tV(r,pf ^ 

we have that 

oo 

e -tMr, P f = J2(-l) n t n I n (r,p,t) . 

n=0 
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Only the first ji + 1 terms of the series are non-trivial. 

The operators I n (r,p,t) are bounded operators on L 2 {M,tl<^£i) resp. on 
C k (M,(l< tl £ i ), which are of class C 1 in [r,p,t) for t > 0. The derivatives with 
respect to r and p converge for t — ► 0. 

Prop. 17.61 and 17.71 imply that for any s > there is C > such that for all t > 
onC ([-l,l] x M,L 2 (Af,il< M ^)) as well as onC ([-l,l] x M, C k (M, f2<^£j)) 

||/n(r, /> s *)|| <Ce £t . 



In the following homogeneous components are taken with respect to the grading on 
&<fiAi- We define I n (r,p,t) m to be the homogeneous component of degree to. It 
holds that Inij, p, t) m = for m < n or to > 2n. 

Furthermore we define implicitely operators J m (r, p, t), homogenous of degree m € 
INo, by 



e -Mr, P ) a t = J m (r,p,t) . 
m=0 



From 



J m (r,p,f) = 51 (-l)"t n - m/2 4(r,p,t) m 
n=[(m+l)/2] 

it follows that J m (r,p,t) is uniformly bounded for i small on Co ([—1,1] x 
M,L 2 (M,A<^)) resp. on Co ([-1,1] x JR, C k (M, 

Let W(r,t) := £j=o Qe- tA *W* and for m G let V^'(r,i) be the unique 
homogeneous operator of degree m such that 



m=0 

SetV/ m (r,t) :=E 3 2 = 0^(r,t)^, 

The operators W(r, t), V m (r, t) are integral operators with smooth integral kernels 
for t > 0, which are of class C 1 in [p, r, t). 
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Duhamel's principle yields that 
W(r,t)-e- tA ^ 

= / e - sA{r ' p '> 2 {-- + A(r, p) 2 )W(r,t - s) 
Jo dt 

= f ' e- sA(rA ' ''(-QAjirf + (A{r 7 0) 2 + p[PdP + p 2 Si 2 )Q)e-^- s ^^ 2 

3=0 J ° 

= E f e ~ sA{r,p)2 ( v ^( d ^ + '-^.^ 

1=0 Jo 

- [X>(r,0),PdP + 7 ]0 +C j [P j dP j + 7j ,^(r)])e-( t -^W 2 ^ 

= E T ^ sA(r '" )2 (%c(rfO) + c(dCi)^-)e- (t - s)A ^ (r)2 ^ 
i ,t 

+ pV / e^ A ^ 2 ([PdP + 7 ,J?]+^ 2 )0 e - (t ^ W2 ^ • 

,--n ^0 



The rescaled operator 

t -N/2J2 f e -sMr,pf {[pdp + liSi] +p^ )G . e -( t - s) A i (r)^ it Ar/ 2 

is an integral operator whose integral kernel is supported in M x (J7o U U±) and 
bounded in by Ce £t uniformly in (p, r) 6 [— 1, 1] X JR, for t > e. 

By using that 

oo 

e -tMr, P f = J2t n / 2 J n (r,p,t) 

n=0 

one gets that the degree n component of the second before last line equals, after 
rescaling, 

n 2 „t 

EE r " /2 / s ( "~" l)/2 (*-s) m/ V„- m (r,p,^^^ cfe 

m=0 j=0 •'° 

The first assumption follows from the off-diagonal estimates on the cylinder, Prop. 
16.51 We can apply them since (T>£c(dQ) + c(d£j)X>y)V^(r, t)<pj since it is the ho- 
mogeneous part of degree m of t- N / 2 (V e c(dQ)+c{dQ)V :j )e- tA ^ r) (l) j t N/2 . For the 
second assumption we also use also the off-diagonal estimates for the heat kernel 
on a closed manifold, which follow from the asymptotic development U3GV[ Ch. 
21. □ 
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9. The index theorem 

We prove the Atiyah-Patodi-Singer index theorem using the approach of BK . The 
notions of Hilbert-Schmidt operators and trace class operators used in the following 
have been defined in [Wlj . 

At this point we set r = t. 

Let a : 1R — > [0, 1] be a smooth function with a(x) = 1 for x < and a(x) =0 for 
x > 1 and set olr(x) = a(x — R). Then ur defines a function on M, again denoted 
by cxr, that equals 1 on M c and oir(xi) on the cylindric end. 

Assume that if is a bounded operator on L 2 (M, f2< M £i) such that dRKctR is trace 
class for any R > 0. Define 

Tr' s K := lim Tr s (aRKotR) 

R — >oo 

provided the limit exists. The definition does not depend of the choice of a. 
The following properties are easy to verify. 

(1) If if is a trace class operator, then Tr' s K = Tr s K. 

(2) Let K be an integral operator. If Tr' s K exists, then Tr' s [P d P+J, K] exists 
as well and equals dTr' s K. 

(3) Let Ki,K2 be integral operators with continuous integral kernels ki,k2- 
Assume that one of the following conditions holds: 

(a) The function (x,y) i— > tv s (ki(x, y)k2(y, x)) is compactly supported on 
M x M. 

(b) There are f,g G L 1 (M), h G L X (]R) such that \ki(x,y)\ < f(y) + 
h(d(x,y)) and \k 2 (x,y)\ < g(y) for all x,y G M. 

Then Tr^Jfi,^] = 0. 

Proposition 9.1. The expressions 

Tr' s e- A ^ 

and 

, dA(t,p) t A(Up) 2 
dt 

are well-defined for t > 0. 

Furthermore there are C,5 > such that for all t > 1 

| Tr ; e - A ^ - Tr s a t e- A ^a t \ < Ce' St , 

| Tr; ^l£h e -Mt, P f t _ Tr s a^^^a^ < Ce"* . 
dt dt 

Proof. By Prop. 18.11 and since tr s h(t) t (x, x) = for x G Z + , for any e > 0, c > 4 
there is C > such that 

|tr a p(t,p) t (x,x)| <Ce £t e * 

for all x G M, t > e. 

In particular Tr^ e~^ t,p ^ t is well defined. 
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Furthermore here are C, 8 > such that for t > 1 

y e"^ ds < Ce~ 5t . 

Choose e < 5. Then there is C > such that for alH > 1 
|Tr' s (l -a 2 t )e- Mt >rf \ < Ce {e ~ S)t . 

The proof for Tr^ dA (t,Ph e -A(t, P f t ig ana i ogous . □ 

9.1. The limit t — > oo. In the following we fix p / 0. Recall that V is the 
projection onto the kernel of T>(r,p) for r > 2. (Clearly P does not depend on 
r > 2). The second estimate of the following theorem is not used in the proof of 
the index theorem, however it is useful, for example, for the definition of 77-forms 
on a manifold with cylindric ends and therefore is included here. 

Theorem 9.2. There is C > such that for all t > 2 

| Xl y e -A(t, P )? _ Tise -vdVdV\ < Ct -i/2 

and 

dA(t,p) t AM , 3 
1 s 1 ~ 

Proof. Let P = P and Pi = 1 - P ■ 

For the first estimate the proof of |BGV[ Theorem 9.19] works in slightly modified 
form. We sketch the argument. Let M m , m £ IN denote the nilpotent algebra 
of trace class operators on L 2 (M, Cl^^Si) that increase the degree with respect to 
the Z-grading on fl<^Ai by at least m and that are of the form J^j fj9j with 
fj,Qj £ S(M,Cl< tl £i). Then, by an adaption of |BGV[ Lemma 9.21], there is 
g £ 1 + Mi , such that 

gA{t, pfg- 1 = (P d P ) 2 + ViV(t, p) 2 Vi + B a + B 1 

with B Q £ V M 3 Vq and Bi £ V\ [P d P + 7, V{t, p)]Vi + VxM\V\ . 

Recall that A(t,p) 2 = t- N / 2+1 A{t,pft N ' 2 . Define g t = t- N ' 2 gt N ' 2 . Then 

g t A(t,p) 2 t g-i =t-^gA(t,pY 9 -H N l* . 

This implies that 

Tr' s e - A (*^)? = Tr' s exp(r N / 2+1 gA(t, p) 2 g~ l t N ' 2 ) 

= Tr s exp(-(P dV ) 2 ~ r N / 2+1 B,t N ' 2 ) 
+ Tr' s exp(-tf>i2?(t, p) 2 - t~ N / 2+1 B 1 t N / 2 ) . 

By Volterra development there is C > such that for t > 2 

I Tr s exp(-(P dP ) 2 - t- N /™B t N ' 2 ) - Tr 3 e ^ v ° dv ^ \ < Cr 1 ' 2 
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and 

eM-tPiV^P? - t- N ' 2+1 B x t N ' 2 ) 
= r Ar/2 V(-l)T / -p ie - u o tT> (t,p) 2 B 1 Vie~ UltT) ( t ' p)2 

. . . B{P 1 e- Untv{t ' p)2 du Q d Ul ...du n t N/2 . 

We can decompose the right hand side further by decomposing B\ — Bu+B\2 with 
Bu = Vi[P dP + ~/,V(t, p)]Vi and B 12 £ V\M{P\. Any term in the development 
having a factor Byi is a trace class operator whose supertrace vanishes exponentially 
for t — ► oo by Prop. 17.61 (5). 

As in the proof of [Wl| Lemma 4.4.5] one shows that there are C, S > such that 
for t > 2 



\Tr s a 2 { -p ie -uatv(t, P ) 2 ' Bll <p ie -uit 

J A" 



■ • • B u Vxe- UntT, ^tf du d Ul . . . du n \ < Ce" 5 ' . 

The proof of the last statement uses that [or, [PdP + 7, T>(t, p)]] = for R big 
enough. 

By Prop. 19. II this implies the assertion. 

The second estimate is the analogue of [BGV1 Theorem 9.23]. For t > 2 we have 
that 

dA(t,p) t = l f 

dt 2 v ,H> 

The assertion follows as above by using that 

g t V(t,p)g^=t- N / 2 gV(t,p)g-H N / 2 

g v(t, P ) + t- 1 / 2 (Af 1 v{t, P ) + v(t, P )Af 1 ) +rWi 

and that V V{t, p) = 0. □ 

9.2. Variation formulas. Recall the definition of A N (r) t from the end of Sj5j 
Proposition 9.3. We have that 

d Tr , e - M t,r)l = JL Tlff ff *^i e -A»<«); dTr^ 

di y/TT dt dt 

and 

± Tr' s e-^t = - dTr s ^Mi e -A(*,P)? 
dp dp 

Proof. Since by ^6. li the supertrace of 4fh(t)t(x, x) vanishes for a; € M \ (Uq U fJi), 
it follows from Prop. 18.11 that there are c, C > such that 

|^tr,p(t,p) t (a;,x)| < Ce-°'W ul7l ) J 
dt 

uniformly for t in a compact subset of (0,oo). Hence 

- Tr s e- A(t >rf = Tr s l e - A ^ . 
dt dt 
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As in the proof of |W1| Lemma 4.4.9] chain rule and Duhamel's formula (see Prop. 
I13.12|l imply that 

± e -Mt,P% =_ f 1 e -(l-.)A(t, P )» dK{t ' P)t c -sA(t, P )-j dg 
dt J a dt 

and 

^L e -A{t, P f t = _ f c -(l-s)A(t,p)'f dA (t, P)t c -sA(t, P )? dg _ 
dp ' J dp 

In the following t > is fixed. 
We set 



A(s) = e -'M*,P)l - (,-e-* A *W 



and 



Then 



2 



3=0 



f\-(i-s)A(t, P )' t dA(t,p) 2 t e _ aAM , dg 



n 



1 „-(x-s)A(t, P )f dA(t,p)% 



(9.2) =/ e -u-«wt,pj t — ^l A(s) rfs 







(9.4) 



,!).:$) + / 1 A(l - s ) dA( *' p) M ( s ) 

at 



+ Bil Bis) da. 



We treat the first term on the right hand side of the equation. We denote the 
integral kernel of A(s) by A(s)(x,y) and similarly for other integral operators. 

By (a slight modification of) Prop. 18. II there are C, c > such that for all s £ [0, 1] 

and x, y £ M 

Thus we can interchange Tr' s and integration. 
Furthermore for fixed s, t there are C, c > such that 

Similarly for fixed s, t there are C, c > such that 

\(^^A(s))(x,y)\<Ce-^uu t r h 

Thus property (3) of Tr' s (see the beginning of Sj9] implies that 

T ^[ e -(l-)A( t ,p)? ; dA ^t A ( S )] = . 



Similar arguments hold for the second term. 
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For the third term one checks that for all x, y E M \ (Uq U Ui) 

dt 



d\(t n\ 2 

tr s B(l - s)(x, y) C { ' Ph B( S ))(y, x)=0. 



Again, property (3) of Tr' s implies that 

Tr' s [B(l- S ),^|^S( S )]=0. 
Summarizing and evaluating, we get that 

— Tr' e - A(t ' p) * = - ( Tr' c -d-^A(t, P )? dA {t, P)t c -sA(t, P ) 2 t dg 
dt s Jo S dt 

= _ x/ dA{t,pf t A(Up) z 
dt 

= -lV' s [A(^) t ,^|^e-^)«] 

= - Tr'jPdP + 7 , ^Mv a ^>?] - v^Tr' s [P(t, p), d AMl e -^ P ? t] 

= _ dTr ,^A e „ A(t , p)?+v7 Um Trsc(dafl) rfA^ e _ A2(t)? 
at _r^oo at 

See the proof of |W1[ Lemma 4.4.10] for omitted details. 

Now 

Tr s c(da R ) d -^e-^ = Tr, J^P* + t®3 e -A. W j 

The second term on the right hand side vanishes since 9ie~^ 1 ~ ai - ) / 4t vanishes on 
the diagonal. By using eq. 16.21 and 16.31 and that 



/>oo 

/ a' R (xi) dxi = —1 
J o 

one sees that the first term on the right hand side equals 

2 rf(Vt(X>Ar + mAj) _ A N, t? 

r. ff ij. e 

V47rt * 
This implies the first assertion of the proposition. 
The equation 

— Tr s e - A (^)? = - Tr, dA ^^ C -Mt^ 
dp dp 

is proven by similar but simpler arguments as above. 
Hence 

dp dp 

= -Vt Tr s [P d P + 7 , jfer A ^< ] - i Tr s [2>(t, p) , Ke' A ^^ 
= -V~tdTr s &e- A ^rf . 
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We used that 

Tr s [V(t,p),M- A ^] =Tr s [V(t,p)&,e- A ( t >"tf] =0 . 

□ 

9.3. The theorem. The proof of the index theorem is now as usual. Recall the 
definition of T>£ (A) from Sj3l In the following M denotes the manifold without the 
isolated point, as in the beginning of <j3j 

Theorem 9.4. In H^°°(Aoo) it holds that 

ch(mdV £ (A)+) = (2ttz)-"/ 2 f A(M)cb(£/S) - r)(@N,A) . 

Proof. By the remarks at the end of $3] for r > 2, p = 1 

ch(mdV £ (A) + ) = ch(KerX>(r,p)) -M 
By Theorem [H] and Prop. [T3~3l 

ch(KerD(3,l)) = lim Tr^ e~ A(M) * . 

t — >oo 

For < s < 1 < t it holds that 

Trl e- A(t ^ - Trl e - A < s < ^ - / ' 4~ Tr' s e~ A ^ du 

du 

- 1 d 



L=i du 

Now it follows from Prop. 19. 3p that modulo exact forms 



/ jLTV e -A(M? d 
Jo dp 

Trl e~ A{u ^ du 



1 d 



Trl e^ 1 '? - Tr' e"^' )* =-Xt Tr„ ^V ^)* 



dt 



Furthermore, by Prop. 18.11 and by the small time limit from 
lim Tr' e"^ 8 ' ^ = lim Tr' H(s) s 

= (2t™)-™/ 2 f A(M) ch(£/S) + N . 
Jm 

Here we also used that the supertrace of the heat kernel vanishes on the cylinder. 
The summand TV comes from the isolated point. □ 

We can now define the 77-form for trivializing operators, which are not adapted to 
T>n. It is well-defined up to (the closure of the space of) exact forms. 

Definition 9.5. Let A be a trivializing operator ofT>M- A symmetric operator %a 
adapted to T>n is called an adapted approximation of A if on L 2 (N,£ N ) 

||(A-2U)2V|| < \ . 
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There is always an adapted approximation 21,4. We can even demand that 21a is 
an integral operator with integral kernel in C°°(N x iV, £00 £%o)- 

If A is a trivializing operator of T>n which is not adapted, we may set 

il{V N ,A) :=r](V N ,QL A ) . 

The Atiyah-Patodi-Singer index theorem on the cylinder implies that modulo the 
closure of the space of exact forms the definition does not depend on the choice of 
21a, and also not on the choice of ip (see the end of fj5]for that choice). 

With this definition the index theorem holds also if A is not adapted, since 
indV £ (A) + = mdV £ (W A )+. 

10. Product formula for ?7-forms 

In the following we prove a product formula for 77-forms. Such a formula was derived 
in [LP41 §2] under the assumption that the Dirac operator is invertible. Also the 
equality established in MP2, Lemma 6] (translated from family index theory to the 
present setting) concerning suspended 77-forms and the product formulas proven in 
PS, §4] are special cases of our formula. 

We assume now that A = B®C for unital C*-algebras B, C. Here we use the spatial 
tensor product. Let Ai be as before and endow Bi := Ai f)B and C L := Ai flC with 
the subspace topology of Ai- Note that Bi resp. Ci are closed under holomorphic 
functional calculus in B resp. C. We assume that the projective limit Boo resp. Coo 
is dense in B resp. C. We define by Xj the closed ideal in Cl*Ai generated by the 
supercommutators [a, [3] with a € Q*Bi and (3 E f2*C;. In the following we deal 
with (l^Ai. 

Let Ni be an odd-dimensional and N 2 an even-dimensional Riemannian manifold 
and let N — Ni x N%, and let E\ resp. £2 be a Dirac bundle over N± resp. N2. We 
denote the grading operator on E2 by L2. In the following E2 will be considered as 
an ungraded bundle. Set En — E\ M E 2 - 

Furthermore let Pi £ C°°{N\,M m {B 00 )) and P 2 € C°°{N 2 , Af n (Coo)) be projections 
and set P = P 1 P 2 G C°°(N, M m+n (Aoo)). We define E 1 = E 1 ®P 1 {N 1 x B m ), £ 2 = 
E 2 ®P 2 (N 2 xC n ) and £ = £ 1 M£ 2 . Let 2?jvi,2?jv 2 be the Dirac operators associated 
to £ 1 ,£ 2 and let 

T^n = ^2^Ni + T^n 2 ■ 
The operator T>n is a Dirac operator associated to £ . 

If A is a trivializing operator for T>m i: then A := T 2 (A® 1) is a trivializing operator 
for T>m- We assume that A resp. A is adapted to T>n ± resp. T>n- (This is the 
case, for example, if A is an integral operator with integral kernel in C°°(iVi x 
Ni,^ (£oo)*)- Here we use that we have divided out the ideal 2j.) 

Proposition 10.1. In Cl^Aoo modulo the closure of [Ct^°° Aoo, ^J^-Aoo] + 
(f2*/3oo) d(f2 dCoo) it holds that 

7 1 (V N ,A)= V {V Nl ,A)ch{mdV+ 2 ) . 
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The proof is very similar to the proof in |LP4| §2], and is given here for completeness. 

The proposition holds still true for other parities of dim N± and dim N 2 , if A is as 
defined in |W3j and if one takes the appropriate 77-form. See EfTTIfor the definition 
of the 77-form in the even-dimensional case. 

Here •q(T>^,A) and •q(T>M 1 ,A) are defined using the same function tp. Otherwise 
the equality holds only up to exact forms (see the end of $3]) . 

Proof. We write di for the differential on Cl^Bi and d2 for the differential on fi*Cj. 
We set 

B Nl (t) t := Pi di Pi + VtaT 2 {V Nl + ^{t)A) , 
Bf 2 P 2 d 2 P 2 + VtaV N2 . 

Then A N (t) t = B Nl (t) t + Bf 2 and A N {t) 2 = (B N ^(t) t ) 2 + (Bf 2 ) 2 . 

Furthermore the curvatures B Nl (t) 2 and (Bf 2 ) 2 commute. Hence 

dA N (t) t A » (t) 2 = ^(t), b»'(q; - ( Bf»)' 

dt dt 

-B™1 (t) 2 dB^ 2 _( B N 2)2 

dt 

The second term on the right hand side anticommutes with T 2 . Thus 

R »i ( f \2 dB^ 2 fa N 2\2 

dt 

Now consider the first term. There are integral operators di,6i on L 2 (Ni, Cl^^S^) 
and 02,62 on L 2 (JV 2 , ^< M £ 2 ) such that 

ar2^Wi e -B«M*)? = (ai 1} + ffr2(6l 8 1} 

and 

r 2 e~ (B ™ 2)2 = 1 <g> a-2 + cr(l <g> 6 2 ) . 
Note that ai,a 2 are even, whereas 61,62 are odd (with respect to grad- 
ing on the algebra of noncommutative differential forms). It follows from 
T 2 [P 2 d 2 P 2 ,V N2 ] = -[ J P 2 d 2 P2,£ , Ar 2 ]r 2 by Volterra development that r 2 6 2 = 
-6 2 T 2 . Hence Tr(r 2 6i6 2 ) = 0. Thus 

dB Nl (t) t _ B "i(t); — (B™ 2 ) 2 rrv ft , r h v l h \\ 

= Tr(aia 2 ) + Tr(r 2 6i6 2 ) 
= Tr(ai)Tr(a 2 ) 

= Tr CT (ai + cr6i) Tr CT (a2 + c6 2 ) . 

It holds that 

dB Nl (t) t R » 1() ,! 

a 1 +ab 1 =a -~-^e~ B (t)t . 

at 

Set A^ 2 := P 2 d 2 P 2 + y/tT>N 2 and define e~( A ' 2 - ) by considering £ 2 a graded vector 
bundle with grading operator IV One easily checks that 

rr r -(Bf 2 ) 2 m -(A™ 2 ) 2 
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By the index theorem and Prop. 19.31 applied to T>n 2 we get that Tr s e ( A * 2 ) = 
ch(indl?^ 2 ) after dividing out the even forms in d(0*(C 0o )/[n*(C 0o ), Q*(Coo)]). 
This implies the assertion. □ 

11. The odd index theorem 

In the following we prove an analogue of the odd family index for manifolds with 
boundary [MP2] . The setting is again as in but now we assume that M is 
odd-dimensional and E ungraded. On the cylindric end the Dirac operator is then 
of the form 

$ £ = c(dx 1 )(di - $ N ) ■ 
The bundle £ N is 2/2-graded with grading operator Tjv = ic(dx\). 

Let A be an adapted trivialising operator for c/)n- We assume that A is odd with 
respect to IV. As in fj2] one gets that the closure T>£(A) of — c(dx\)xA is 
Fredholm. Its index is an element in K\{A). 

Define A N (t) t = PdP + ^ft{V N + ip(t)A). The 77-form is defined as 

1 f°° ,/ A -V 

ri($N,A) := -= / Tr s Ai£ e -A N (t)? dt g dj^/p^A^^A^] . 

Vtt Jo dt 

The odd Chern character ch.4^ : K\(A) — > -ffjf 00 (.Aoo ) is determined up to sign by 
the following commuting diagramm: 

K^A) ® K^CiS 1 )) *K {C(S\A)) 

ch AaD g> ch s 

#?~ (Ax> ) ® H* (S 1 ) — ^ H*°° (Ax>) 8> * 
The diagram determines also ch up to sign: 

Let u : S 1 — > C/(l) be a loop with winding number 1. We identify S" 1 with [0, l]/o~i 
and define on S 1 the C(S' 1 )-line bundle 

£ = [0, 1] X C{S 1 )/ (0,uv)~(l,v) ■ 

We denote by T>£ the closure of the Dirac operator —id x on S 1 twisted by C. 

The Chern character ch slxSl : K Q (C(S X x S 1 )) -> tf^S 1 x S 1 ) applied to £, 
considered as a complex vector bundle on S 1 x 5 1 , fulfills 

/ ch slxSl (£) = 2™ . 

The class mdT>c is a generator of Ki(C(S )). The above commuting diagram 
implies that 

/ ch sl (indX> £ ) = V2ni . 
Js 1 

The sign of the odd Chern character is fixed by demanding that this equation holds 
for y/i := e*'/ 4 
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Theorem 11.1. In H%°°(Aoo) it holds that 

ch(indP £ (^)) = (2ni)- n/2 { A(M) ch{£/S) - tj^n, A) 



JM 

In |MP2j a different normalization of the odd Chern character has been used, leading 
to a factor (27ri) _ ^" +1 ^ 2 in front of the integral. 

Proof. The idea of the proof is as in |MP2j , namely to reduce the odd index theorem 
to the even index theorem via suspension. There are two main steps: a suspension 
formula for index classes [MP2, Prop. 8] and a suspension formula for 77-forms 
[MP21 Lemma 6]. Probably the proof of the suspension formulas given in [MP2] 
works also in the present context. Here we derive them from the more general 
product formulas for Atiyah-Patodi-Singer index classes (see |W3j ) and 77-forms 
(see flO|) respectively. 

On M x S 1 we define the C(S 1 , _4)-vector bundle 

£ MxS 1 ._ (£ £) K £ _ 

Let ri = f q ^ ~\ , T2 = ( ^ q ^ act on it. 
The Dirac operator 

fcxs 1 := Fi$s + T 2 <j)c 
is odd with respect to the grading Tmxs 1 — — i^i^2- 

Set £ NxSl = (£ MxSl )+. The space L 2 {N x S\£ NxSl ) is spanned by sections of 
the form (x,x) (g>y with x E L 2 (N,£) and y S L 2 (S l ,£), 

Define the Dirac operator ^nxs 1 '■— $n + ^n^c, which acts on the sections of 
gNxS\ Then 

^Afxs 1 = c(dxi)(d! - r MxS i^v xS i) . 

As in |W3| §2.3] we define a trivialising operator A of (^nxS 1 by 

A((x, x)®y) = {Ax, Ax) ® y . 
We get a Fredholm operator T> MxS i (A), see 

By the product formula for Atiyah-Patodi-Singer index classes [W3] 

mdV MxS1 (A)+ =md(V £ (A))®md(V c ) e K (C(S\A)) . 

Thus 

V^i ch Aoo (indV £ (A)) = [ ch^JmdV MxS1 (A)+) . 

Js 1 

Furthermore by the product formula for 77-forms, see £ 1101 

V2ni ii($ N ,A) = rj(@ NxS i,A) . 
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Now the assertion follows from Theorem 19.41 since 



/ f A(MxS l )ch%* s \£ M * sl /S Mx si)ch sl * sl (/:) 



JS 1 JMxS 1 



[ A(M) ch% JE/S) [ ch slxSl (£) 




= 2m [ A(M) ch% JS/S) . 



JM 



□ 



12. Application: p-invariants 



For the sake of brevity we assume in the following that the manifold N is odd- 
dimensional. The even-dimensional case can be treated analogously. 

12.1. p-invariants for the Dirac operator on manifolds with positive scalar 
curvature. Let TV be a closed spin manifold with positive scalar curvature. Let 
7T : N — > TV be a Galois covering of N and let T be the group of deck transformations. 



The higher p-form of N was introduced by Lott |Lol| . In the higher context the 
C*-algebra involved is the reduced group C*-algebra C*T. Closely related are the 
classical p-invariants, which however in general come from a representation of the 
maximal group C*-algebra CT, see |PSj for a detailed account. The following 
discussion unifies these concepts and allows for the definition and study of new 
p-invariants. 

In the following let A = C*T. We assume that the projective system (Ai)i£Sss is 
such that CF C Aoo- For the reduced group C*-algebra C*T a suitable projective 
system of algebras (Bi)i e ^ can be derived from a construction of Connes-Moscovici 
[CM] , see for example )W2l §4] for a detailed account. There is a canonical surjec- 
tion p : C*T — ► C*T. It is straightforward to check that Ai := p^Bi with norm 
IHI.A; := ||a||.A+ ||p(a)||g i is a Banach algebra closed under holomorphic functional 
calculus in C*T and hence (*4i)igiNo is an appropriate projective system. 

Denote by V = N xr C*T the Mishenko-Fomenko A- vector bundle endowed with 
the C*T- valued scalar product induced by the standard C*r-valued scalar product 
on C*T. Let V-p be the flat connection on V induced by the de Rham differential 
and let ^ be the spin Dirac operator on N twisted by V. 

We recall the construction of an embedding of V into a trivial C*r-vector bundle: 
Choose a finite connected open cover {Uk}k=i,...,n 01 N such that for any k there is 
a diffeomeorphism ■n~ 1 Uk = Uk x T, which we fix. We write Uk for the preimage of 
Uk x {e} under this diffeomorphism. Let gki ■ Uk H Ui T be the locally constant 
function whose image at a point x is the deck transformation sending Ui PI 7r _1 (a;) 
to 7r _1 (x)n?7fc. Note that gugim = 9km and g k k = 1. Let (Xfe)fc=i,...n be a partition 
of unity subordinate to {Uk} and let \k '■ N — * 1R be the function that equals Xk ° ^ 
on Uk and zero elsewhere. Define the projection P € C°°(M, M n (<CT)) by setting 
Pki = XkXldkl- Then V is isometrically isomorphic to P(N x (C*T) n )) via 



C 00 (/V,C*r) r -,P(C7 00 (iV,(c7*r)")), s» (xiS,X2S,...,Xns) . 
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One checks that V-p = PdjyP. Note that $n is invertible. Thus rj(^N,0), which 
we define using the Grassmanian connection PdP in direction of Ai, exists. 

In the following we deal with the universal differential algebra (thus Z, = 0). 

Let c : (Aoo / <D)®™ +1 — > V be a continuous reduced cyclic cocycle on A^ with values 
in a Frechet space V such that c(g , ■ ■ ■ , g m ) = for all (g , . . . , g m ) e r m+1 with 

gogi ■■■gm = 1- There is an induced linear map c : f2*^4oo/[^*^oo, ^*-4oo] ~~ * V 
defined by c(a$da\ . . . da m ) := c(ao, ai, . . . , a m ) and by zero on forms of degree not 
equal to to. The map vanishes on exact forms. We define the maximal p-invariant 
associated to c as 

p? a *($ N ) := c^.O)) € V. 

Lemma 12.1. TTie p-invariant p™ ax ((/)N) is independent of the choice of the cover 
and the partition of unity. 

Proof. Let {U' k )k=i,..., P be a second open cover of N and let P' = (x'k9kiXi)k,l=i,...,p 
be a projection constructed as above. Define U' k as above. For k — 1, . . . ,p and 
/ = 1, .. .,n let /ifei : U' k n £/; — > r be the locally constant function whose value 
is at x is the decktransformation mapping Ui n 7r _1 (a;) to 7r _1 (2:) n U' k . Then 
= (Xfc' l fc«X/)fe=i,...,p;/=i...7i 1S a unitary from RanP to RanP' and U* P' dP'U = 
PdP + U* d(U). Let tp : JR — ► 1R be a smooth function that vanishes for x < 1/6 
and equals 1 for x > 5/6. Set Z = JR x N. Define 7(i,x) = ^(i)?7* d(U)(x) 
for (i, x) e Z. By the Atiyah-Patodi-Singer index theorem applied to the product 
Dirac operator on Z the difference of the p-invariants defined using P and P' equals 
f z A(Z)c(ch(Pd z P + PdP + -f)). Using that gk 1 k 2 {hk 3 k 2 y 1 9k 3 k 4 , h k4,k 5 9k 5 k e equals 
fffeifcs on its domain, one checks that c(ch(PdzP + PdP + 7)) vanishes. □ 

From the Atiyah-Patodi-Singer index theorem we get the following generalization 
of [LPTl Theorem 15.1]: 

Proposition 12.2. Let M be a compact spin manifold with boundary N and prod- 
uct structure near the boundary. Let M be a Galois covering of M with deck trans- 
formation group r. Assume that the metric on M and its restriction to N are of 
positive scalar curvature. Then p™ aa: (^Ar) = 0. 

By using the Atiyah-Patodi-Singer index theorem and the product formula for 
reforms of the previous sections instead of the corresponding higher versions of 
Leichtnam-Piazza, the proof of |PS[ Prop. 13.9] works also in the present setting, 
yielding: 

Proposition 12.3. Let T be torsion-free. Assume that the assembly map p : 
K*(BT) -> K*(C*T) is an isomorphism. Then p™ ax {$ N ) = 0. 

Example: Let 7ri,7T2 : T — > U(l) be two unitary representations and let 
i<i,i<2 be the associated flat vector bundles on N. For j = 1,2 let fjp^N) S 

Q^Acxd/[^*Aoo, ^*-4oo] be the noncommutative 77-form of the Dirac operator $n 
twisted by the flat C*r-bundle Fj <£> V . We define the maximal Atiyah-Patodi- 
Singer p-form 

r 7T1 ,7T2 

(N) := r?Fi(iV) - f}F 2 (N) £ f2*A»/[^*^oo, ^*A»] • 
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Let b : (Ax)/C)®" +1 — > V be an arbitrary continuous reduced cyclic cocycle and 
set 

c = 6oTro(7ri (g)id)* - &oTro(7r 2 Oirf)* : (yWC)®" +1 V . 

Here (7Tj £g> zd)* : fi^oo/t^Axj, ^*-4oo] Af/(fi*yloo/[^*^4oo, ^*^4oo]) is induced 
by the homomorphism tt 3 ® id : C*T -> C*(U(l) <g> T) = M;(C) ® C"T. Then 

&(^ 1 ,«(jv)) = pr ox (^) • 

Thus the previous results apply to b(p 1Tlt ^ 2 (N)). 

12.2. p-invariants for the signature operator. In a similar spirit we study p- 
invariants for the signature operator. Our definition is motivated by the definition 
of higher p-invariants suggested in [Lolj . The trivializing perturbation we use is 
essentially from |LP5j . 

Denote by f2* (N, V) the space of smooth forms with values in V and by f2* 2 N (N, V) 
the completion as a Hilbert CT-module. 

Set d sl9 :— dr + rd. Here r is the chirality operator, which agrees with the Hodge 
star operator in the normalisation of |BGV[ Def. 3.57]. 

Let dim TV = 2m- 1. We assume that the closure of d : SV n - 1 (N,V) -> 9^ 2) {N,V) 
has closed range. This assumption is independent of the Riemannian metric. 

It follows that there is a canonical trivializing operator An, see jW3j . (In fact one 
can use any of the symmetric boundary conditions introduced in |LP5j .) Define 

p™ ax (N) :=c(<n(<r i °,A N )) . 

We leave it to the reader to show that the Atiyah-Patodi-Singer p-invariant and 
the L 2 -p- invariant of Cheeger-Gromov are special cases (under the assumption). 

The Atiyah-Patodi-Singer index theorem for the cylinder implies that p™ ax (N) does 
not depend on the Riemannian metric since the twisted signature class a(Z,Vz) 
(see W3 for the terminology) vanishes. 

Theorem 19.41 implies: 

Proposition 12.4. Assume that N is the boundary of a manifold M and let 
<j{M,Vm) € Kq(C*T) be the twisted signature class. If c(ch(<r(M, "Pm ))) = 0, 
then p™ ax {N) = 0. 

From the product formula for 7/-forms and the Atiyah-Patodi-Singer index theorem 
one gets in analogy to |PS[ Theorem 7.1]: 

Proposition 12.5. Let T be torsion-free. Assume that the assembly map p : 
K*(BT) -> K*(C*T) is an isomorphism. Then p™ ax (N) = 0. 

It would be interesting to find a connection to the L-theoretic higher p-invariants 
introduced in |We| . 



50 



CHARLOTTE WAHL 



13. Appendix: Operators on Banach spaces 

13.1. Projective systems and resolvent sets. In the following let M be a a- 
finite measure space such that L 2 (M) is separable. Choose an orthonormal basis 
of L 2 (M) and let P m the projection onto the span of the first m vectors. 

Proposition 13.1. Let k E L 2 (M x M)(£) 7r M n (Ai) and let K be the corresponding 
Hilbert Schmidt operator on L 2 (M,Af)- If 1 — K is invertible in B(L 2 (M,A n )), 
then it is invertible in B(L 2 (Al,Cl< fl A")) as well. 

Proof. We adapt a method from |Lo3[ §6] . 

It is enough to find a decomposition L 2 (M, f2< M *4") = X © Y such that if we write 



1 - K 



a b 
c d 



with respect to the decomposition, then d is invertible and a — bd l c is invertible. 
Then the assertion follows from 

a b\_fl bd- 1 \ f a-bd- l c 0\/ 1 
c d J ~ \ 1 J \ d ) \ d~ x c 1 

Acting with respect to one variable on L 2 (M x M) ® v M n (Aoo), the operator P m 
converges strongly to the identity for m — ► oo . Hence for m big enough 1 1 ( 1 — 
P m )K(l - P m )\\ < \ in B(L 2 (M, A n )) and in B(L 2 (M, Q<^f)). Then d, defined 
as above with respect to the decomposition 

L 2 (M, n<^A?) - P m L 2 (M, n^A?) 8 (1 - P m )L 2 (M, Cl^A?) , 
is invertible. 

The assumption implies that a — bd _1 c is invertible on P m (L 2 (M, A n )). Since 
this is finitely generated free yl-module of rank mn and M mn (Ai) is closed under 
holomorphic functional calculus in M mn (A), the map a — M _1 c is invertible as well 
on P m L 2 {M,{l^A?). □ 

Note that if M is a closed manifold, then C°°(M x M, M n (A t )) C L 2 (M x M) ® v 
M n (Ai). If M is a manifold with cylindric ends, then S(M x M, M n (Ai)) C L 2 (Mx 
M) ® w M n {Ai). 

Proposition 13.2. Let P E B(L 2 (M,A n )) be a projection onto a projective 
submodule of L 2 (M,A n ). Then P is a Hilbert- Schmidt operator of the form 

P = J2j=i fjhj w ith fji hj € Ran P. 

Proof. Since P is compact, there is m E IN such that ||P(P m — 1)|| < \. 

Then (see [WU Prop. 5.1.21]) the map PP rn P : Ran P — > Ran P is an isomorphism. 

It follows that Ker PP m P = Kcr P and therefore 

P = 1 — PKerPP m P i 

where Picer PP m P denotes the orthogonal projection onto Ker PP m P. 
We can find r > such that B r (0) \ {0} is in the resolvent set of PP m P. 
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The assertion follows from 

P = 1 — PkciPP~P 



/ {\-PP m P)~ l dX 
27T« J W=r 

— I (X- 1 -{X-PPmPy^dX 

m J\\\=r 

— PP m pf \-\\-PP m P)- 1 d\ 
m J\\\=r 



2m 
] 

~2m 



□ 



Recall from |W1[ §5.2] that there are well-behaved notions of trace class operators 
and Hilbert-Schmidt operators on L 2 (M, A™) if (for example) M is a complete 
Riemannian manifold. 

Proposition 13.3. Let P G B(L 2 (M, A n )) be a projection onto a projective sub- 
module of L 2 (M,A n ). A ssume further that for any i G IN it restricts to a bounded 
projection on L 2 (M,A") and that P(L 2 (M)) C L 2 (M) ® w A?. Let 

Ra noo P:= p| P(L 2 (M,A?)) . 

Then: 

(1) The projection P is a Hilbert-Schmidt operator of the form P = fjhj 
with fj, hj G Ra noo P n (L 2 (M) ® w A?). 

(2) The intersection Ran^ P is a projective Aoo-module. The classes [RanP] G 
Kq(A) and [Ran^ P] G Ko(Aoo) correspond to each other under the canon- 
ical isomorphism Kq(A) = Kq(A 00 ). 

Now assume that M is a complete Riemannian manifold. 
Then 

ch[Ra noo P]=Y^ MPdPdPy G H^iAoo) . 

3=0 J - 

Proof. The proof is analogous to the proof of Wl , Prop. 5.3.6]. The condition that 
M is a complete Riemannian manifold is needed here to ensure that (PdPdPy 
is a trace class operator. □ 

13.2. Parameter dependent parametrices. The following results generalize re- 
sults from [Lo3l §6]. 

Let M, £ be as in gl 

First we make a general observation: If B is a bounded operator on the Hilbert 
^4-module L 2 (M,£), then by restriction and fi< M .Ai-linear extension one gets an 
unbounded (not necessarily densely defined) operator on L 2 (M,Cl<: ll £i). 

We will also use that there is a continuous map from S(M x M, £i (£i)*) to the 
Banach algebra of bounded operators on L 2 (M,Cl<^£i) mapping integral kernels 
to the corresponding integral operators. The image of the map is in the space 
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of bounded operators from L 2 (M,Cl<^£i) to S(M, Cl<^£i) and is continuous with 
respect to the strong operator topology. 

Let / be an interval. Let (D(r)) r6 / be a family of regular operators on the Hilbert 
A- module L 2 (M,£). We assume that the following conditions hold for each r £ I: 

(1) The space S(M,£i) is a core for D(r). Furthermore D(r) and its derivative 
with respect to r are well-defined and continuous as operators from S(M, £%) 
to L 2 (M,£i) and extend to continuous operators from S(M,Cl<^£i) to 
L 2 (M, 

(2) The operator D(r) preserves the space S{M,£{) and (r ^ D(r)f) e 
C 1 (I,S(M,£i)) for /e$(M,£i). 

(3) Analogous properties hold for D(r)* as well. 

The closure of D{r) on L 2 (M, fl^Si) is denoted by D(r) as well. 

If M is closed the main examples come from elliptic pseudodifferential operators, 
and for general M from appropriate generalizations. 

Definition 13.4. Let (Q(r)) re i be a family of bounded operators on L 2 (M,£), 
which is of class C 1 (with respect to the operator norm). Assume that it also 
defines a family of bounded operator of class C 1 on L 2 (M,Cl<^£i) and that Q(r) 
and its derivative restrict to continuous operators on S(M, f2< /J f j) such that (r i— > 
Q{r)f) e C^SiM^Ei)) forf e S(M,fi<„&). 

We call Q(r) a parameter dependent regular left parametrix for D(r) if Q(r)D(r) — 
1 is an integral operator whose integral kernel is in C 1 (/,5(M x M,£$ £*)). 

Proposition 13.5. Assume that D(r) has a parameter dependent regular left 
parametrix Q(r) and that D(r) has an inverse in B(L 2 (M, £)) for each r depending 
continuously on r. Furthermore we assume that the adjoint D{r)* has a parameter 
dependent regular left parametrix. 

Then it holds: 

(1) The operator D(r) has a bounded inverse on L 2 (M,(}<^£i), which is of 
class C 1 in r. 

(2) The operator D{r) — Q(r) is an integral operator with integral kernel in 
C l {I,S{M x M,£i KU 4 £*))■ 

(3) In particular D(r) -1 and its derivative act continuously on S(M 1 Cl<i^£i) 
and (r ^ D{r)- 1 ) e (7 1 (/,<S(M, Q<^£i)) for any f e S(M,Cl<^). " 

Proof. Note that (D(r)) re / defines a regular invertible operator on the Hilbert 
C(I, ^4)-module C(I,L 2 (M,£)), which for brevity we also denote by D(r) in the 
following. 

First we modify Q(r) such that Q(r)D{r) is invertible for each r: Since \ — Q(r)D(r) 
is an integral operator with integral kernel in C(I, S(M x M, £i £*)) and D(r)* 
is invertible on the Hilbert C(I, ^4)-module C(I, L 2 (M,£)), there is an integral 
operator S(r) with integral kernel in C 1 (I,S(M x M,£i M^. £*)) such that in 
B(C(I,L 2 (M,£)) 

||(l-Q(r)i?(r))-S(r)I>(r)||<i. 
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Then Q'(r) := Q(r) + S(r) is a regular left parametrix of D{r) as well. Set K(r) := 
Q'(r)D(r) — 1. By the estimate 1 — K(r) has an inverse in B(L 2 (M,£)) for each 
7' G I. By Prop. 113.11 this implies that the operator 1 — K{r) is invertible on 
L 2 (M, Q<^£j) for each r. Since 1 — K(r) is of class C 1 as a bounded operator on 
L 2 (M,Cl< f _ l £ l ), its inverse is also of class C 1 in r. Hence Z?(r) _1 = {1- K {r))~ l Q' (r) 
is a bounded operator on L 2 (M, VL^^Si) that is of class C 1 in r. From 

£>W _1 - Q(r) = S(r) + ^(r)D(r)- 1 

and the fact that K(r) maps C 1 (I, L 2 {M, Vl<^£i)) continuously to 
C^I^M.d^i)) one gets (3). By applying (3) to the adjoint D(r)* we 
conclude that i^(r)Z?(r)~ 1 is an integral operator with integral kernel in 
C l {I,S{M x M,£i £*)). Then the previous equation implies (2). □ 

13.3. Holomorphic semigroups. In the following we collect some facts about 
holomorphic semigroups for convenience of the reader. Definitions and proofs can 
be found in [D] (note however that we do not assume a holomorphic semigroup to 
be bounded), see also |W1[ §5.4] for more details as needed here. 

Let V be a Banach space. 

Proposition 13.6. Let Z be the generator of a strongly continuous semigroup such 
that Ka,ne tz C domZ for all t > 0. The semigroup extends to a holomorphic one 
if and only if for t small 

\\Ze tz \\ < Ct- 1 . 

In the following let Z be a generator of a holomorphic semigroup e fZ on V. 

The following two propositions describe the connection between spectrum of the 
generator and the behaviour of the semigroup for t — > oo: 

Proposition 13.7. Assume that there is S > such that the resolvent (Z — A) -1 
exists for all A G © with Re A > —5. 

Then e tz is bounded. 

Proposition 13.8. Let uj G 1R be such that for all e > there is C > with 
\\e tz \\ < Ce~^~ e ^ for all t > 0. //Re A > to, then for k G IN 

(A - Z)- k = r t k - l e^ z -^ dt . 

(k — 1). J 

The spectrum of the semigroup itself and its behaviour for t — > oo are also related 
to each other: 

Proposition 13.9. Let r G 1R be such that the spectral radius of e tz is smaller 
than or equal to e rt for all t > 0. Then for all e > there is C > 1 such that 

\\e tz \\ < Ce (r+e)t . 

The following proposition addresses the question when a perturbation of a generator 
is again a generator. 
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Proposition 13.10. Let B be a closed operator on V such that Be tz is well-defined 
and bounded for all t > and such that there is C > with 

\\Be tz \\ < Cr 1 ' 2 

for < t < 1. 

Then Z + B generates a holomorphic semigroup. 
We recall Duhamel's principle: 

Proposition 13.11. Let Z be the generator of a strongly continuous semigroup on 
V and let u G C 1 ([0, oo), V) be such that u(t) £ domZ and - Z)u(t) g domZ 
for all t > 0. Then 

e tz u(0) - u(t) = - f e sZ (^- - Z)u(t - s) ds . 
Jo dt 

From Duhamel's principle we derive Duhamel's formula as needed here: 

Proposition 13.12. Let Z be the generator of a holomorphic semigroup on V. 
Let e > and let (-B(r)) r£ [_ £i£ ] be a family of closed operators with B(0) = such 
that B(r)e tz is well-defined and bounded for all t > and r g [— e, e] and depends 
continuously on r. We assume that ■^p(B(r)e tz )\ r =o exists for all t > and that 
there is C > such that for r g [—e, e] \ {0} and t < 1 

\\-B(r)e tz \\ < Ct- 1 ' 2 . 
r 

Furthermore let the set of all f g domZ such that B(r)e tz f g domZ for all t > 
and r g [— e, e] 6e dense in V . 

Then 

^ Z + B ^\ r=0 = f e* z ±B(r)e^ z \ r=0 ds . 

Note that the right hand side is well-defined as a bounded operator, whereas the 
existence of the left hand side is part of the assertion. 

Proof. We write B for the operator induced by the family (-E>(V))re[-e,e] on 
C([—e, e],V) and consider Z also as an operator on C([— e, e], V) in the obvious way. 
Thus domZ C C([-e,e],V) in the following. Note that dom(Z + B) = domZ. By 
the estimate and the previous proposition Z + B generates a holomorphic semigroup 
onC([-e,e],V). 

If / g C([-e,e],V) such that / g domZ and Be tz f g domZ for all t > 0, then 
e tz f g domZ and {±-Z- B)e tz f = -Be tz f g domZ for all t > 0. Duhamel's 



principle implies that 

f-e tz f= f ' e s(z+B) Be (t-s)z f ds 
Jo 



t 

t(Z+B) . 



e 

Using Lebesgue Lemma we get that 



lim l(e t( - z+B ^ - e tz j) = lim - f e< z+B ^B(r)e^ z ds 

r^0 r r^0 r Jq 

= f e szd (t _ s)z ^ 

Jo dr 
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This proves the assertion. 

□ 

References 

[BGV] N. Berline & E. Getzler & M. Vergne, Heat Kernels and Dirac Operators (Grundlehren 

der mathematischen Wissenschaften 298), Springer, 1996 
[BC] J.-M. Bismut &; J. Cheeger, "^-Invariants and Their Adiabatic Limits", J. Am. Math. Soc. 

2 (1989), pp. 33-70 

[B] B. Blackadar, K- Theory for Operator Algebras (MSRI Publications 5), Springer, 1986 
[Bu] U. Bunke, Index theory, Eta forms and Deligne Cohomology, preprint math.DG/02011112 

on arXiv, to appear in Mem. Am. Math. Soc. 
[BK] U. Bunke & H. Koch, "The »7-form and a generalized Maslov index", manuscripta math. 95 

(1998), pp. 189-212 

[CM] A. Connes & H. Moscovici, "Cyclic cohomology, the Novikov conjecture and hyperbolic 

groups", Topology 29 (1990), no. 3, pp. 345-388 
[D] E. B. Davies, One-Parameter Semigroups (LMS Monographs 15), Academic Press, 1980 
[K] M. Karoubi, "Homologie cyclique et ii"-theorie" , Asterisque 149 (1987) 

[LP1] E. Leichtnam & P. Piazza, "The 6-pseudodiffcrential calculus on Galois coverings and a 

higher Atiyah-Patodi-Singer index theorem", Mem. Soc. Math. Fr. 68 (1997) 
[LP2] E. Leichtnam & P. Piazza, "Spectral sections and higher Atiyah-Patodi-Singer index theory 

on Galois coverings, Geom. Fund. Anal. 8 (1998), pp. 17—58 
[LP3] E. Leichtnam & P. Piazza, "Homotopy invariance of twisted higher signatures on manifolds 

with boundary", Bull. Soc. Math. Fr. 127 (1999), pp. 307-331 
[LP4] E. Leichnam & P. Piazza, "On higher eta-invariants and metrics of positive scalar curvature" 

K-Theory2i (2001), pp. 341-359 
[LP5] E. Leichtnam & P. Piazza, "Dirac index classes and the noncommutative spectral flow" J. 

Fund. Anal. 200 (2003), pp. 348-400. 
[LP6] E. Leichtnam & P. Piazza, "Etale groupoids, eta invariants and index theory" J. Reine 

Angew. Math. 587 (2005), pp. 169-233 
[Lol] J. Lott, "Higher eta-invariants", K-Theory6 (1992), pp. 191-233 

[Lo2] J. Lott, "Superconnections and higher index theory", Geom. Fund. Anal. 2 (1992), pp. 
421-454 

[Lo3] J. Lott, "Diffeomorphisms and Noncommutative Analytic Torsion", Mem. Am. Math. Soc. 
673 (1999) 

[Ma] A. Mallios, Topological Algebras (Mathematics Studies 124), North-Holland, 1986 

[MP1] R. B. Melrose & P. Piazza, "Families of Dirac operators, boundaries and the fe-calculus" 
J. Diff. Geom. 46 (1997), pp. 99-180 

[MP2] R. B. Melrose & P. Piazza, "An index theorem for families of Dirac operators on odd- 
dimensional manifolds with boundary" J. Diff. Geom. 46 (1997), pp. 287-334 

[Miil] W. Miiller, "Eta-invariants and manifolds with boundary", J. Diff. Geom. 40 (1994), pp. 
311-377 

[Mii2] W. Miiller, "On the L 2 -index of Dirac operators on manifolds with corners of codimension 

two. I", J. Diff. Geom. 44 (1996), pp. 97-177 
[PS] P. Piazza & T. Schick, "Bordism, rho-invariants and the Baum-Connes conjecture", J. 

Noncommut. Geom. 1 (2007), pp. 27-111 
[Wl] C. Wahl, "Noncommutative Maslov Index and Eta Forms", Mem. Am. Math. Soc. 887 

(2007) 

[W2] C. Wahl, Homological index formulas for elliptic operators over C* -algebras, preprint 

|math.KT/0"60 3694v2 on arXiv (2009) 
[W3] C. Wahl, Product formula for Atiyah-Patodi-Singer index classes and higher signatures, 

preprint larXiv:0081.0091l 
[We] S.Weinberger, "Higher p-invariants" , Tel Aviv topology conference: Rothenberg Festschrift, 

Contemp. Math. 231 (1999), pp. 315-320 

Leibniz-Forschungsstelle 

DER GOTTINGER AkADEMIE DER WISSENSCHAFTEN 



.-><) 



CHARLOTTE WAHL 



waterloostr. 8 
30169 Hannover 
Germany 

wahlcharlotte@googlemail.com 



